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Abstract: In this work, guidelines for reliable 3D-PTV measurements of fluid 

flows in stirred vessels at the lab-scale have been developed. The flow of water at 

𝑅𝑅𝑅𝑅 = 12,000  in a flat bottom cylindrical tank (𝑇𝑇 = 180 mm) stirred with a 6 

blades Rushton turbine (𝑐𝑐 = 𝐷𝐷 = 𝑇𝑇/3) has been measured at different camera 

frame rates (125 – 3,600 fps) and tracer concentrations (0.001 – 0.010 px-2). The 

best compromise between the number of measured data, tracking efficiency and 

CPU time (206 frame-1, 39% efficiency, 0.026 min frame-1) has been obtained at 

125 fps and 0.002 px-2. These results can be expressed in terms of the normalized 

parameters 𝜑𝜑~0.5 and 𝑝𝑝~2 and scaled to different experimental conditions. The 

Savitzky-Golay filter, used to enhance the measurements signal-to-noise ratio, has 

been optimized by testing different values of the polynomial order (0 – 3) and filter 

width (3 – 21 data points). A 2nd order, 11-points filter gave the best results, based 

on considerations regarding the reduced Chi-squared and velocity distributions. 

With the best conditions and filter, the uncertainty in the measured tracer positions 

was in the order of 255 µm. Finally, an unbiased distribution of the flow 

decorrelation time has been determined from the velocity autocorrelation functions 

along the trajectories longer than 6 impeller revolutions. 
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1 Introduction 

1.1 Traditional optical velocimetry techniques 

The capability to map flow velocity fields accurately and reliably is of critical 

importance to enable understanding of flows in both academia and in industry applications, 

such as mixing of fluids in agitated vessels. Laser-based imaging techniques, namely Particle 

Image Velocimetry (PIV) and Laser Doppler Anemometry (LDA), are the most widely used 

(Li et al. 2018a) and the current benchmarks for any competing technique where optical access 

is possible. Both these techniques are Eulerian, meaning that the velocity is measured at 

specified positions in space. Consequently, most of the existing knowledge about fluid mixing 

in agitated vessels is based on Eulerian quantities, e.g. velocity profiles, shear rate, vorticity, 

turbulent kinetic energy and energy dissipation rate. 

The main advantage of PIV is that it is a whole field measurement technique and thus 

velocity information in the entire (2D or 3D) measurement space is captured simultaneously. 

The resolution limits of digital PIV depend on the camera optical properties, the tracer size and 

the window-correlation method (Kähler et al. 2012a). Modern hardware can reach 

measurement resolutions comparable to the average Kolmgorov length scale, if operated with 

small field of view (Khan et al. 2004). The Eulerian data, in the form of a map of many velocity 

vectors, can be post-processed in numerous ways to provide different information about fluid 

mixing in stirred vessels. Typical investigated quantities include the impeller flow number 

(Khan et al. 2004; Simmons et al. 2007; Chung et al. 2009; Gabriele et al. 2009), the turbulent 

kinetic energy (Khan et al. 2004; Khan et al. 2006; Chung et al. 2007; Simmons et al. 2007; 

Chung et al. 2009; Gabriele et al. 2009; Driss et al. 2014; Li et al. 2018a; Li et al. 2018b), the 

energy dissipation rate (Piirto et al. 2000; Saarenrinne and Piirto 2000; Saarenrinne et al. 2001; 

Baldi and Yianneskis, 2003; Baldi and Yianneskis, 2004; Gabriele et al. 2009; Delafosse et al 

2011) and vorticity and related invariants for trailing vortices identification (Baldi and 



Yianneskis, 2003; Escudié et al. 2004; Khan et al. 2004; Chung et al. 2009; Gabriele et al. 

2009; Zhao et al. 2011; Chara et al. 2016). Finally, the structure of PIV data is ideal for the 

application of proper orthogonal decomposition (POD). This method enables the contributions 

of turbulence and organized motion to be discriminated (Graftieaux et al. 2001). 

LDA allows the velocity to be measured at a fixed location in the flow. The 

measurement volume is typically in the order of ~1003 μm3. Velocity data (one, two or three 

components, depending on the experimental apparatus) are obtained every time a seeding tracer 

enters the measurement volume. As with PIV, phase-resolved velocity observations can be 

obtained by means of a shaft encoder, e.g. to investigate the trailing vortices leaving the 

impeller blades (Derksen et al. 1999; Galletti et al. 2004a) or to separate the turbulent and 

coherent parts of the kinetic energy (Li et al. 2004). Velocity signals can be analysed in the 

frequency domain to study macro-instabilities (Montes et al 1997; Galletti et al. 2004b; 

Nikiforaki et al. 2004; Ducci and Yianneskis, 2007) and flow pattern transitions (Galletti et al. 

2003). Two-point LDA measurements, with small spatial separations and short coincidence 

windows, enable the direct measurement of the velocity fluctuation gradients, hence the 

estimation of the energy dissipation rate (Micheletti et al. 2004; Ducci and Yianneskis, 2005). 

1.2 3D Particle Tracking Velocimetry 

The cost of a PIV or LDA experimental rig can be prohibitive, mainly due to the 

investment costs associated to laser illumination facilities. This also requires strict health and 

safety procedures. 3D Particle Tracking Velocimetry (3D-PTV) is a whole field technique 

which enables all three dimensions of the Lagrangian velocity field to be obtained with 

relatively simple hardware. Like any other optic technique, it is limited to transparent fluids 

and flow systems in which optical access is possible. The technique is based on the 

visualization of the measurement space from multiple viewing orientations through a 

stereoscopic imaging system. The flow is seeded with small tracers, which are tracked 



individually in 3D space. This requires reliable tracer identification in the images, stereoscopic 

matching in multiple image planes, 3D coordinate reconstruction and frame-to-frame linking 

of each tracer (Maas et al. 1993). Particle size can vary in the range from ~10 µm to ~103 µm. 

The choice is a compromise between an adequate response to the variations of the flow and a 

high signal-to-noise ratio of the scattered light (Melling, 1997; Hadad and Gurka, 2013). LED 

lights are typically sufficient for the illumination of tracers larger than ~200 µm, even if these 

are not silver-coated or fluorescent. This obviates the need for expensive and hazardous laser 

illumination. Single camera setups with image splitters cut the costs even further, at the expense 

of a reduction in spatial resolution and accuracy. In the early 90’s, image quality was poor 

because of the technical limits of camera sensors (Kähler et al. 2012a); correlation-based 

techniques, such as PIV, were preferred because they could tolerate the high noise levels in the 

images. Today, high-quality images and advances in digital image analysis algorithms allow 

particle centroids to be calculated with subpixel precision. For all these reasons, 3D-PTV is 

becoming increasingly attractive, particularly in industrial R&D sectors, where lab-scale 

experiments with model fluids are routinely carried out before expensive tests at the pilot and 

production scales. 

The stereo-matching step is the establishment of the correspondences between the same 

particle in the different image planes. In absence of other characteristic features, the 

correspondences are found with the method of the epipolar lines (Maas et al. 1993). This 

requires the spatial calibration of each image plane (Maas et al. 1993). Usually, 3 or 4 viewing 

orientations are used in 3D-PTV, in order to minimize the ambiguities at the stereo-matching 

stage (Willneff and Gruen, 2002). Bendicks et al. (2011) have utilized dyes to classify particles 

based on their colour prior to 3D localization. The effect was to reduce the apparent tracer 

concentration, hence the ambiguities, while increasing the overall data yield. Aguirre-Pablo et 



al. (2019) have developed a method for single view 3D-PTV measurements which exploits 

structured illumination with an intensity profile in space. 

The tracers must also be linked between consecutive time steps to reconstruct their 

trajectories. The principles of frame-to-frame tracking are: (i) to estimate the position of the 

particle in the next frame, (ii) to delimit a search volume around the expected location and (iii) 

to determine the most likely link, in case of multiple candidates, based on a physical criterion. 

The goal is to reconstruct as many trajectories for as long as possible. The particle spacing 

displacement ratio (Malik et al. 1993), 

𝑝𝑝 =
𝑑𝑑
Δ𝑙𝑙

=
𝑑𝑑
𝑈𝑈Δ𝑡𝑡

, (1) 

is a measure of the tracking difficulty. Here 𝑑𝑑 is the particle spacing, which decreases with the 

cubic root of the tracer concentration, Δ𝑙𝑙 is the distance moved by the particles between two 

consecutive time steps, 𝑈𝑈 is the velocity and Δ𝑡𝑡 is the time between two frames. Tracking is 

relatively easy for 𝑝𝑝 ≫ 1 and difficult for 𝑝𝑝 ≪ 1. The nearest neighbour (Malik et al. 1993), 

the neural network (Labonté, 1999; 2000) and the relaxation (Baek and Lee, 1996) methods 

are three commonly used tracking algorithms. Pereira et al. (2006) compared these three 

schemes in terms of recovery ratio (correct links found to actual correct links) and mismatch 

ratio (incorrect links to total links found) and found that the relaxation scheme had the best 

performance.  

The quality of PTV results decreases rapidly with the tracer concentration (Cierpka et 

al. 2013), because of the increment in stereoscopic ambiguities, wrong temporal links and 

overlapping particle images. The number of indistinguishable particles in an image increases 

approximately with the square of the tracer concentration and linearly with their image size 

(Maas et al. 1992). On the other hand, the particle concentration will determine the number of 

velocity vectors obtained per volume. Therefore, this variable must be chosen carefully. 



The 3D velocity vectors are computed through finite differentiation of the particle 

coordinates varying in time. The frame rate, 𝑓𝑓, represents the temporal resolution of the data, 

meaning that a larger 𝑓𝑓 allows higher velocities and smaller length scales to be described. On 

the other hand, the experimental error in the coordinates is amplified by a factor Δ𝑡𝑡−1 = 𝑓𝑓 if 

the velocities are calculated by common finite differentiation schemes, such as the centred 

differences. This assumes that the error is not autocorrelated between consecutive data points, 

hence it does not cancel out. Therefore, the frame rate is another critical variable for the 

measurements quality. 

An important limitation of PTV is that, due to sparsity and random location of the 

velocity vectors, the analysis of the instantaneous velocity field becomes difficult, and 

interpolation is necessary for the estimation of the spatial derivatives (Kähler et al. 2012b). 

Flow ergodicity and statistical steadiness are often assumed in PTV, PEPT or CARPT 

measurements, to infer Eulerian information from Lagrangian data (as in Rammohan et al. 

2001; Rammohan et al. 2003; Chiti et al. 2011; Pérez-Mohedano et al. 2015; Alberini et al. 

2017). Another difficulty with PTV experiments is that the observation volume that can be 

effectively investigated is limited by the precision in the tracer identification in a wide range 

of optical path lengths. The most important factors affecting the precision are the fluid 

opaqueness and the camera specifications and settings, e.g. the digital resolution and depth of 

field. Large differences in the optical path lengths also lead to large variations in the tracer 

image size, due to perspective effects. 

In the literature, 3D-PTV measurements have been carried out to study many 

applications. These include turbulence (Lüthi et al. 2005; Liberzon et al. 2012), impinging jets 

(Hwang et al. 2007), pipe flows (Oliveira et al. 2015), flows in a lid-driven cavity (Kreizer et 

al. 2010; Kreizer and Liberzon, 2011), aortic flows (Gülan et al. 2012; Gallo et al. 2014), 

Couette flows (Krug et al. 2012), gravity currents in tilted tanks (Krug et al. 2014), von Kármán 



swirling flows (Aguirre-Pablo et al. 2019), flows behind a heated cylinder (Kieft et al. 2002) 

and flows through porous media (Monica et al. 2009). However, there is a great lack of research 

studies in which 3D-PTV is applied to fluid mixing in agitated vessels (Alberini et al. 2017), 

mainly because the large volumes and wide range of velocities involved represent a big 

challenge. 

Table 1 Comparison between PIV, LDA and PTV. 

Technique Velocity field Strengths Weaknesses 

PIV Eulerian 
well-established, whole-field 

measurements, robust to noise 

typically 2D, requires 

calibration, requires laser 

illumination, limited to 

transparent fluids, cross-

correlation in the IA 

introduces a spatial averaging 

effect. 

LDA Eulerian 

well-established, 3D 

measurements are possible, 

high temporal resolution, 

calibration is not required 

(absolutely linear response to 

fluid velocity) 

requires laser illumination, 

pointwise measurements, 

limited to transparent fluids, 

data unevenly spaced in time, 

temporal interpolation 

required for spectral analysis, 

the rate of tracer arrival 

increases with fluid velocity. 

PTV Lagrangian 

3D, laser illumination can be 

avoided, time-resolved 

Lagrangian information 

requires calibration, typically 

limited to small observation 

volumes, limited to 

transparent fluids, sensitive to 

noise, data interpolation 

required to estimate spatial 

derivatives. 

 



A full validation of PTV against PIV velocity measurements in lab-scale agitated 

vessels has been conducted by Alberini et al. (2017). Newtonian and non-Newtonian fluids 

were studied under low and mid transitional (Re ~ 70 and Re ~ 1,000) and fully turbulent 

conditions (Re ~ 33,000). In this follow-up paper, 3D-PTV measurements have been conducted 

in a similar vessel operated at Re ~12,000. The high transitional flow regime has been chosen 

in consideration of the interest of the research sponsor, as transitional mixing operations are 

often encountered in its business units. The effects of the tracer concentration and frame rate 

on the tracking efficiency and CPU time have been assessed. In order to obtain precise velocity 

measurements, the coordinates have been filtered with a Savitzky-Golay filter before discrete 

differentiation. Different combinations of the filter width and order have been tested. The best 

choice has been determined by comparing the resulting distributions of the velocity and of the 

reduced Chi-squared. This is a standard procedure to evaluate the goodness of fitting. Finally, 

the macroscopic time scales of the flow have been quantified in terms of velocity decorrelation 

time. The results discussed in this paper will provide the basis for future 3D-PTV experiments 

in lab-scale agitated vessels, both in terms of in-lab operating conditions and post-processing 

of the data. 

2 Materials and methods 

2.1 Vessel geometry and flow conditions 

All measurements described were conducted in an unbaffled cylindrical vessel of 

diameter 𝑇𝑇 = 180 mm and a liquid height 𝐻𝐻 = 𝑇𝑇. The impeller was a 6 blades Rushton turbine 

of diameter 𝐷𝐷 = 𝑇𝑇/3, placed with a clearance 𝑐𝑐 = 𝑇𝑇/3. The impeller blades had width 𝐷𝐷/4 

and height 𝐷𝐷/5. To avoid refraction effects at the curved wall, the cylindrical vessel was 

immersed in a larger square tank filled with the same liquid. The two vessels were made from 

polymethylmethacrylate and the thickness of the walls was 4 mm. The working fluid was 



demineralised water at room temperature, having density 𝜌𝜌 = 1.0 × 103 kg m−3 and viscosity 

𝜇𝜇 = 1.0 × 10−3 Pa s. The impeller rotational speed was 200 rpm, corresponding to a tip speed 

𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡 = 0.63 m s−1 and a Reynolds number of 𝑅𝑅𝑅𝑅 = 12,000.  

After the image calibration (see §2.3), the fluid was seeded with polyethylene 

microspheres (Cospheric, US) for 3D-PTV measurements. The tracers were neutrally buoyant 

(density: 1.0 × 103 kg m−3) and 750 – 820 µm in size. 

2.2 Image acquisition and processing 

The raw images of the flow were acquired with a high-speed camera (Fastcam SA4, 

Photron Ltd.) equipped with a macro lens fit (Nikon, Sigma 24-70 mm f2.8 EX DG Macro) 

and a system of mirrors (LINOS adjust.X, Qioptiq). These allowed the inner vessel to be 

visualised from two viewing orientations in a single image (Fig. 1). LED lights (Marathon 

multiLED LT) were used for the illumination. This is the same hardware used in the work of 

Alberini et al. (2017). 

 

Fig. 1 Schematic of the PTV camera arrangement. 

The raw images were encoded in a 8-bits greyscale, so that each pixel level could 

assume any value between 0 (true black) and 255 (true white). The image size was 1024×1024 



px2, corresponding to a digital resolution of ~350 µm px-1. The camera could record a 

maximum of 3,600 frames per second (fps) and store approximately 5.4 GB of data (5,400 

frames) in a single recording. The shutter time could be chosen among a list of default values. 

The raw images were converted to matrices of double-precision floating point numbers 

in MATLAB environment and split in the two viewing orientations, which were processed 

individually. The ensemble average image of the sequence was subtracted from the individual 

images, in order to remove the static background and reduce random noise. The images were 

then converted back to the 8-bit format. This step was not required for single calibration 

images. At this point, the moving particles appeared as bright blurs on a dark background. 

According to Kähler et al. (2012a), the resolution of the centroids is independent of the blur 

size, as long as the particle images do not overlap. With modern algorithms, the precision is 

also independent, if the blur diameter is larger than 2×2 px2 (Nobach et al. 2005). The typical 

size of the blurs was between 3×3 and 4×4 px2 for the tracers and between 4×4 and 5×5 px2 for 

the calibration dots. A high pass filter was applied, and the blurs were detected with a peak 

search algorithm which identifies clusters in the pixel levels larger than a threshold size. By 

doing so, random bright pixels were not mistakenly recognised. The blur centroids were 

determined with subpixel precision by weighting the pixel levels. For each viewing orientation 

and time step, a file containing all the centroid coordinates was produced. These files 

represented the input to the 3D-PTV algorithm. With the current setup, the typical repeatability 

of the centroid calculation was ~0.014 px (~5 µm) on each of the image coordinates. This has 

been determined by taking 15 ideally identical pictures of the reference geometry in Fig. 2a 

and calculating the standard deviation over the 15 measured coordinates, then averaging over 

each reference dot. 



2.3 Image calibration 

2.3.1 Procedure 

The image calibration was conducted using a reference geometry with a 3D grid of 147 

control dots (Fig. 2a). The grid extends for 60 mm, 200 mm and 55 mm in 𝑥𝑥 (width), 𝑦𝑦 (height) 

and 𝑧𝑧 (depth). The target was put at a known position within the vessel, in absence of agitation, 

before the actual PTV experiments. A single stereo-picture was taken, and the two half-images 

were processed as described in the previous section. For each view, the projection matrix that 

links the 2D image coordinates to the 3D world coordinates was determined, in the least square 

sense, from the 147 correspondences between the dot centroids in the images and their known 

positions in the vessel. The knowledge of the two projection matrices allowed the 3D position 

of any point in the observation volume to be reconstructed by triangulation of its 2D 

coordinates in the images. 

                 

Fig. 2 Reference geometry for 3D-PTV image calibration (a) and an example of 3D reconstruction from images 

(b). 



2.3.2 Statistics of the measurement error 

The reconstruction error of the tracer particle positions will be statistically determined 

by the quality of calibration. Since the projection matrices are calculated from real data, biases 

are inevitably present. In addition, any blur centroid can only be determined within the 

experimental uncertainty. Consequently, once a stereo-correspondence is established, the two 

sight lines do not cross at the true position in 3D space. The reconstructed point is placed at the 

centre of the distance between the sight lines. The quality of calibration can be described by 

two quantities. The first, 𝛿𝛿, is the distance between the two sight lines of each control dot and 

measures the uncertainty in the 3D reconstructions. The second, Δ, is the distance between the 

reconstructed control dots and their true positions, i.e. the reconstruction error. Note that, in 

experiments with tracers, 𝛿𝛿 is measurable but Δ is not, since the true positions are unknown. 

The calibration in the present study produced the log-normal distributions of 𝛿𝛿 and Δ 

pictured in Fig. 3. The mean values, calculated in the logarithmic space and then converted 

back to linear scale, were 〈𝛿𝛿〉 = 21 µm and 〈∆〉 = 51 µm. The maximum observed value and 

the 98th percentile of the error were ∆𝑚𝑚𝑚𝑚𝑚𝑚 = 499 µm and ∆98= 255 µm, respectively. The z-

component dominated the total error, with 〈∆𝑧𝑧〉 ≈ 5〈∆𝑚𝑚〉 ≈ 5〈∆𝑦𝑦〉. It should be pointed out that 

the moving particles are worse targets than the static control dots, and the average error 

obtained with the reference geometry may underestimate the error in real flow conditions 

(Maas et al. 1993). Still, the average error in the flow measurements is expected to be in the 

order of magnitude between 〈∆〉 and ∆𝑚𝑚𝑚𝑚𝑚𝑚 . Finally, 𝛿𝛿 and Δ were not correlated to each other 

(Fig. 4; the Pearson’s correlation coefficient, PCC, between their logarithms was 0.104), nor 

autocorrelated over distances in space of 10 mm (the distance between adjacent control dots). 



 

Fig. 3 Distributions of δ and ∆. 

 

Fig. 4 Scatter of δ against ∆. 



2.4 3D particle tracking 

2.4.1 Preliminary considerations on frame rate and tracer concentration 

As discussed in §1., the frame rate and tracer concentration are two crucial variables 

for obtaining good quality PTV measurements. The mixing experiments described in this 

section were aimed at finding a good operational window for 3D-PTV measurements in lab-

scale stirred vessels. 

In agitated vessels, the velocity can vary of many orders of magnitude within the 

volume. High values in the order of ~80% of the tip speed are found close to the impeller. 

Although the high velocities occupy a small fraction of the vessel volume, they contribute 

significantly to the total energy dissipation (Ng and Yianneskis 2000; Micheletti et al. 2004). 

Since the tracers move out of these small regions rapidly, particle occupancy is crucial for 

obtaining enough data and measuring the flow reliably. In the fluid bulk, which represents most 

part of the tank volume, the velocity can be less than 1% of the tip speed, e.g. when viscous 

fluids are mixed. The minimum distance travelled by the particles between consecutive frames, 

𝑈𝑈𝑚𝑚𝑡𝑡𝑚𝑚∆𝑡𝑡, should be larger than the experimental error, ∆. This leads to 

𝑓𝑓 ≪ 𝑈𝑈𝑚𝑚𝑡𝑡𝑚𝑚∆−1, (3) 

where 𝑈𝑈𝑚𝑚𝑡𝑡𝑚𝑚 is the minimum velocity of interest in the flow. This equation represents a 

constraint to the frame rate based on the experimental error and the flow conditions. In 

particular, the frame rate should be scaled linearly with the flow characteristic velocity. The 

limit rate at which eq. 3 becomes an equality is  

𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑈𝑈𝑚𝑚𝑡𝑡𝑚𝑚∆−1. (4) 

The main issues related to the tracer concentration have already been introduced in §1. 

Given 𝑛𝑛𝑡𝑡 particles uniformly distributed in a volume 𝑉𝑉, they all have the same distance from 

the nearest neighbour. This is 



𝑑𝑑0 = �
𝑛𝑛𝑡𝑡
𝑉𝑉
�
−13

. (5) 

In a 3D-PTV experiment, the tracers are randomly distributed, hence the average nearest 

neighbour distance is 〈𝑑𝑑〉 < 𝑑𝑑0. The distribution of 𝑑𝑑/𝑑𝑑0 in a 4.6 L cylinder is log-normal with 

〈ln(𝑑𝑑/𝑑𝑑0)〉 ≈ −0.6 and a standard deviation 𝜎𝜎ln(𝑑𝑑/𝑑𝑑0) ≈ 0.5. These values have been obtained 

from 45 simulations (15 repetitions at 3 concentrations) and are identical to those obtained by 

Malik et al. (1993) through Gaussian Kinematic Simulation of a turbulent flow. Following their 

analysis, a conservative nearest neighbour distance is 𝑑𝑑∗ = 𝑑𝑑0/3 . This is defined as one 

standard deviation below the mean, i.e. ln(𝑑𝑑∗/𝑑𝑑0) = −1.1. The condition on the tracking 

parameter introduced in eq. 1 can be written as 

𝑝𝑝 =
𝑑𝑑∗

Δ𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚
=

1/3 𝑑𝑑0
𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚∆𝑡𝑡

=
1
3
�
𝑛𝑛𝑡𝑡
𝑉𝑉
�
−13 𝑓𝑓
𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚

 ≫ 1. (6) 

In this case, a high 𝑓𝑓 is desirable. The frame rate can be expressed as a fraction 𝜑𝜑 of the 

maximum rate 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑈𝑈𝑚𝑚𝑡𝑡𝑚𝑚∆−1 defined above, and eq. 6 becomes 

𝑛𝑛𝑡𝑡
𝑉𝑉
≪ �

𝜑𝜑
3∆

𝑈𝑈𝑚𝑚𝑡𝑡𝑚𝑚
𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚

�
3

. (7) 

Eq. 7 represents a constraint on the tracer concentration based on the experimental error, the 

flow characteristics and the chosen frame rate. The ratio 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚/𝑈𝑈𝑚𝑚𝑡𝑡𝑚𝑚 is therefore an indicator 

of tracking difficulty. As already stated, this ratio can be very large in stirred tanks. 

2.4.2 Investigated operational conditions 

The operational conditions of the 3D-PTV experiments have been varied as shown in 

Table 2. Experiments B, C and D have been repeated three times. The values of 𝑑𝑑∗ = 𝑑𝑑0/3 for 

the investigated tracer concentrations are listed in Table 3. The observed velocity in the flow 

ranged between ~10% 𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡 = 0.063 m s−1  and ~70% 𝑈𝑈𝑡𝑡𝑡𝑡𝑡𝑡 = 0.44 m s−1  (Fig. 7). Taking 

∆ = ∆98= 255 ∙ 10−6 m as the characteristic error, eq. 4 gives 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 = 246 s-1. The acquisition 



rates of experiments E and F were intentionally higher. For 𝑓𝑓 = 125 s-1 (𝜑𝜑 = 0.51), eq. 7 gives 

𝑛𝑛𝑡𝑡/𝑉𝑉 ≪ 570 L-1, that is exactly the concentration of experiments D. 

Table 2 Operational conditions of the 3D-PTV mixing experiments. 

Experiment 

Image 

particle 

concentration 

Acquisition 

rate 

Number 

of frames 

Overlapping 

particles (Maas 

et al. 1992) 

𝑝𝑝 (eq. 6) 

A 0.001 px-2 125 s-1 5,400 0.2% - 0.6%  2.46 

B1, B2, B3 0.002 px-2 125 s-1 5,400 0.3% - 1.2%  1.95 

C1, C2, C3 0.006 px-2 125 s-1 5,400 0.9% - 3.7% 1.35 

D1, D2, D3 0.010 px-2 125 s-1 5,400 1.5% - 6.0% 1.14 

E 0.002 px-2 500 s-1 5,400 0.3% - 1.2%  7.82 

F 0.002 px-2 3,600 s-1 5,400 0.3% - 1.2%  56.2 

 

Table 3 Nearest neighbour distances for particles in a 4.6 L tank, visualized in a 512×512 image, at 

four tracer concentrations. 

Image particle 

concentration 
Number of particles, 𝑛𝑛 

Volumetric particle 

concentration, 𝑛𝑛𝑡𝑡/𝑉𝑉  
𝑑𝑑0/3 

0.001 px-2 ~262 57 L-1 8.6 mm 

0.002 px-2 ~524 114 L-1 6.8 mm 

0.006 px-2 ~1573 342 L-1 4.7 mm 

0.010 px-2 ~2621 570 L-1 4.0 mm 

 

The best operational conditions have been determined by comparing the particle 

detection efficiency, the tracking efficiency and the CPU time required for the 3D 

reconstruction and particle tracking steps. The overall particle detection efficiency was 

calculated as the number of detected blurs, averaged over the 5,400 frames and two 



orientations, divided by the number of particles present in the system. The overall tracking 

efficiency was calculated as the total number of established links, divided by the number of 

frames, and again by the number of particles in the system. Image processing (i.e. views 

splitting, ensemble average subtraction and blur detection) was not considered in the 

measurement of the CPU time, as this procedure only includes operations between pixel values, 

regardless the tracer concentration and frame rate. 

2.4.3 Particle tracking algorithm 

The data processing was conducted in MATLAB environment on a computer equipped 

with 32 GB of RAM and an Intel® Xeon® E5-2650 CPU working at a maximum frequency of 

2.00 GHz. Since only two views of the flow were available, numerous ambiguities could occur 

at the particle 3D stereo-matching stage by the method of epipolar lines, even at the lowest 

tracer concentration. To overcome this problem, the PTV algorithm developed by Willneff 

(2003) was used. This is based on the simultaneous use of 2D image and 3D object space 

information to solve stereoscopic ambiguities. The correct link in case of many temporal 

candidates was determined by minimizing the change in Lagrangian acceleration: the new 

position was predicted through a second order polynomial fitting of the past coordinates 

(constant acceleration) and the candidate closest to the prediction was chosen. Wrong matches 

were unlikely but still virtually possible, if a wrong candidate happened to be closer to the 

prediction. However, most likely, the wrong matches could not be tracked further, leading to 

trajectory interruptions. For this reason, points that could not be linked to the next time steps 

were discarded. Also, all the trajectories shorter than 21 time steps were discarded. Willneff’s 

algorithm also allows to bridge the gaps in the trajectories when only a few time steps are not 

available, thus leading to longer trajectories and enhancing the quality of the final velocity 

field. 



2.5 Data post-processing 

2.5.1 Signal-to-noise ratio enhancement of 3D-PTV data 

The Savitzky-Golay filter (Savitzky and Golay, 1964) is a popular method for 

enhancing the signal-to-noise ratio of experimental data sequences and allows the derivatives 

to be calculated with more precision. It has been used successfully by some authors for PTV 

data smoothing (e.g. Hoyer et al. 2005; Lüthi et al. 2005; Kreizer and Liberzon, 2011; Krug et 

al. 2014). The filter is based on the convolution of each coordinate sequence along a trajectory 

with a polynomial of time. The coordinate at time 𝑡𝑡𝑡𝑡 is 𝜉𝜉𝑡𝑡 ≡ 𝜉𝜉(𝑡𝑡𝑡𝑡), where 𝜉𝜉 can be 𝑥𝑥, 𝑦𝑦 or 𝑧𝑧. 

The sequence of 𝑤𝑤 = (2𝑘𝑘 + 1) data points that goes from 𝜉𝜉𝑡𝑡−𝑘𝑘 to  𝜉𝜉𝑡𝑡+𝑘𝑘 is expressed with a 

Taylor expansion centred at 𝜉𝜉𝑡𝑡: 

𝜉𝜉𝑗𝑗 ≈ 𝑐𝑐0 + 𝑐𝑐1Δ𝑡𝑡𝑗𝑗 + 𝑐𝑐2Δ𝑡𝑡𝑗𝑗2 + ⋯+ 𝑐𝑐𝑜𝑜Δ𝑡𝑡𝑗𝑗𝑜𝑜 . (8) 

Here 𝑤𝑤 is the width of the filter, 𝑜𝑜 is the order, 𝑗𝑗 goes from (𝑖𝑖 − 𝑘𝑘) to (𝑖𝑖 + 𝑘𝑘) and Δ𝑡𝑡𝑗𝑗 ≡ (𝑡𝑡𝑗𝑗 −

𝑡𝑡𝑡𝑡). If 𝑤𝑤 > (𝑜𝑜 + 1), eq. 8 generates an overdetermined system of 𝑤𝑤  equations in (𝑜𝑜 + 1) 

unknowns: 

[T][𝑐𝑐] = [𝜉𝜉], (9) 

with 

[T] ≡

⎣
⎢
⎢
⎢
⎢
⎡
1 Δ𝑡𝑡𝑡𝑡−𝑘𝑘 … Δ𝑡𝑡𝑡𝑡−𝑘𝑘𝑜𝑜

1 Δ𝑡𝑡𝑡𝑡−(𝑘𝑘−1) … Δ𝑡𝑡𝑡𝑡−(𝑘𝑘−1)
𝑜𝑜

… … … …
1 Δ𝑡𝑡𝑡𝑡 … Δ𝑡𝑡𝑡𝑡𝑜𝑜
… … … …
1 Δ𝑡𝑡𝑡𝑡+𝑘𝑘 … Δ𝑡𝑡𝑡𝑡+𝑘𝑘𝑜𝑜 ⎦

⎥
⎥
⎥
⎥
⎤

, [𝑐𝑐] ≡ �

𝑐𝑐0
𝑐𝑐1
…
𝑐𝑐𝑜𝑜

� , [ξ] ≡

⎣
⎢
⎢
⎢
⎢
⎡
𝜉𝜉𝑡𝑡−𝑘𝑘

𝜉𝜉𝑡𝑡−(𝑘𝑘−1)
…
𝜉𝜉𝑡𝑡
…
𝜉𝜉𝑡𝑡+𝑘𝑘 ⎦

⎥
⎥
⎥
⎥
⎤

. (10) 

The least square solution is 

[�̂�𝑐] = ([T]T[T])−1[T]T[ξ] . (11) 

The filtered coordinates can be expressed as: 

𝜉𝜉𝚥𝚥� ≡ 𝑐𝑐0� + 𝑐𝑐1�Δ𝑡𝑡𝑗𝑗 + 𝑐𝑐2�Δ𝑡𝑡𝑗𝑗2 + ⋯+ 𝑐𝑐𝑜𝑜� Δ𝑡𝑡𝑗𝑗𝑜𝑜 . (12) 



In particular, when 𝑗𝑗 = 𝑖𝑖, Δ𝑡𝑡𝑡𝑡 = 0. Hence 𝜉𝜉𝚤𝚤� = 𝑐𝑐0�  is the filtered coordinate at the centre of the 

sequence, while 𝑐𝑐𝑚𝑚� is the filtered 𝑛𝑛-th order derivative at the centre of the sequence. As the 

index 𝑖𝑖 moves along the trajectory, all the filtered coordinates are obtained. 

The points at the beginning and at the end of the trajectories need a different treatment, 

because there are not enough data available backwards or forwards. There are many ways to 

deal with first and last points. The method used here was to reduce the width as needed. 

The convolution reduces the noise in the original signal but also affects the information 

contained in it (distortion). Both the signal-to-noise enhancement and the signal distortion 

decrease with the order 𝑜𝑜 and increase with the width 𝑤𝑤. When applied to a signal containing 

white noise with constant standard deviation 𝜎𝜎 , a second order SGF reduces the standard 

deviation in the filtered signal to 

𝜎𝜎� = �
3(3𝑤𝑤2 − 7)
4𝑤𝑤(𝑤𝑤2 − 4)𝜎𝜎. (13) 

If 𝑤𝑤 is large enough, 𝜎𝜎�~�1/𝑤𝑤 𝜎𝜎, similarly to the standard error of the mean. Note that the 

convolution of PTV data with a second order polynomial is equivalent to assuming uniformly 

accelerated motion in the neighbourhood of each data point. Malik et al. (1993) found that, 

even in presence of turbulence, this assumption holds for small enough time intervals (25 fps, 

in their case). For this reason, there is no practical need to use 𝑜𝑜 ≫ 2 for PTV data smoothing. 

The SGF can be thought as a data fitting, and the reduced Chi-squared statistic is a 

common measure of the goodness of fitting. It is defined as the Chi-squared per degree of 

freedom: 

𝜒𝜒2

𝜈𝜈
≡

1
𝜈𝜈
�

�𝜉𝜉𝚤𝚤� − 𝜉𝜉𝑡𝑡�
2

𝜎𝜎𝑡𝑡2𝑡𝑡

, (14) 

where 𝜈𝜈 is the degree of freedom (the number of observations minus the number of fitted 

parameters); 𝜉𝜉𝚤𝚤�  is the 𝑖𝑖-th fitted data; 𝜉𝜉𝑡𝑡 is the 𝑖𝑖-th observation; 𝜎𝜎𝑡𝑡 is a metric of the uncertainty 



in the 𝑖𝑖-th observation. The Chi-squared can be interpreted as the ratio between the average 

squared fitting residual over the averaged squared uncertainty. This leads to the following 

considerations, depending on the scenario: 

(i) If the measurements uncertainty is known a priori, but the fitting model is not, then 

a. if 𝜒𝜒2/𝜈𝜈 ≫ 1, the residuals are much greater than the measurement uncertainty, 

that is the model does not fit the data adequately; 

b. if 𝜒𝜒2/𝜈𝜈 ≪ 1 , the measurement uncertainty is much greater than the fitting 

residuals, meaning that the model is improperly fitting noise (overfitting); 

c. if 𝜒𝜒2/𝜈𝜈 ≈ 1, then the model is a good fitting for the data, given their level of 

uncertainty. 

(ii) If the measurement uncertainty is not known, but it is known that the data should 

follow a certain model, then the uncertainty can be roughly estimated with 𝑠𝑠 such 

that 

𝜒𝜒2(𝑠𝑠)
𝜈𝜈

=
1
𝜈𝜈
�

�𝜉𝜉𝚤𝚤� − 𝜉𝜉𝑡𝑡�
2

𝑠𝑠2
= 1

𝑡𝑡

. (15) 

Five Savitzky-Golay filters were tested on the data obtained from experiment B1 as the 

width and the order of the filter were varied. The dataset consisted of 1,115,409 coordinates 

grouped in 21,124 individual trajectories. The goodness of fitting of each filter was measured 

in terms of reduced Chi-squared. The filters tested in this paper are defined in Table 4. A first 

guess value of 𝜎𝜎 = ∆98= 255 µm was used for the measurement error. The best filter was 

identified by comparing the distributions of the reduced Chi-squared. Then, the randomness of 

the fitting residuals was checked. 

Table 4 The SGFs tested in this work. 

Filter Width, 𝑤𝑤 Order, 𝑜𝑜 



SGFa 21 3 

SGFb 11 2 

SGFc 7 2 

SGFd 5 1 

SGFe 3 0 

    

2.5.2 Velocity autocorrelation and decorrelation time along trajectories 

Bashiri et al. (2016) have used the autocorrelation functions (ACFs) of the tracer 

position vectors to determine the flow time scales. The ACF of a time series measures how 

much the signal is correlated with a delayed version of itself, as a function of the delay. The 

decorrelation time quantifies the time required for the series to lose memory of the past values. 

The simplest way to define it is to take the time at which the ACF crosses the 0 line for the first 

time. A similar approach to the method proposed by Bashiri et al. (2016) has been applied to 

the PTV filtered trajectories, with some necessary modifications. 

Firstly, the motion in the unbaffled vessel was mainly rotational, i.e. in the azimuthal 

direction. As a consequence, the ACF of the position vectors in a Cartesian frame of reference, 

{𝑥𝑥,𝑦𝑦, 𝑧𝑧}, would have a pronounced sinusoidal behaviour. This feature is not informative and 

would hide more relevant dynamics. For this reason, the ACF of the velocity in cylindrical 

coordinates would be a more sensible quantity to investigate. Secondly, the decorrelation time 

is biased by a finite measurement effect. Reasonable estimates can only be obtained from long 

trajectories. 

The velocity data of experiment B1 were converted to cylindrical components, 𝑈𝑈𝑟𝑟, 𝑈𝑈𝜃𝜃 

and 𝑈𝑈𝑦𝑦. In order to reduce the bias due to the finite trajectory length, only the 188 trajectories 

longer than 6 impeller revolutions (𝑇𝑇 > 225 time steps) have been analysed. This choice has 



been validated later. The autocorrelation coefficients have been calculated along each long 

trajectory according to 

𝑅𝑅𝐔𝐔(𝑙𝑙) =
∑ �𝐔𝐔𝑗𝑗 − 𝐔𝐔�� ∙ �𝐔𝐔𝑗𝑗+𝑙𝑙 − 𝐔𝐔��𝑇𝑇−𝑙𝑙
𝑗𝑗=1

∑ �𝐔𝐔𝑗𝑗 − 𝐔𝐔��
2𝑇𝑇

𝑗𝑗=1

. (15) 

In eq. 15, 𝑙𝑙 is the lag, 𝑇𝑇 is the trajectory length, 𝐔𝐔𝑗𝑗 is the velocity vector at the time step 𝑗𝑗, 𝐔𝐔� is 

the average velocity and the symbol “  ∙ ” denotes the scalar product. By calculating the 

coefficients 𝑅𝑅𝐔𝐔(𝑙𝑙) for each lag 𝑙𝑙 = 1, 2, … , (𝑇𝑇 − 1), the autocorrelation curves were obtained, 

and the trajectory decorrelation time was calculated.  

Because the Lagrangian velocity was expressed in cylindrical coordinates, the 

corresponding decorrelation time acquires a specific physical interpretation. A solid-body 

rotation would be characterized by constant tangential velocity, the other components being 

zero. Since a perfectly constant velocity signal would have zero variance and create a 

singularity in eq. 15, consider the limit of extremely small variance instead. In this case, the 

autocorrelation coefficient would stay almost constant, i.e. 𝑅𝑅𝐔𝐔~1, decreasing very slowly with 

lag. On the other hand, the coefficient of a random process would drop to zero immediately. 

Therefore, the deviation from a unit autocorrelation coefficient reflects the deviation of the 

flow from a solid-body rotation and the degree of randomness of the flow dynamics. In an 

unbaffled vessel, if the Lagrangian velocity is measured starting at 𝑡𝑡0, the values immediately 

after will be relatively similar to those of a solid-body rotation. However, they will 

progressively diverge from this behaviour due to random forces acting on the fluid elements. 

After a while, when 𝑅𝑅𝐔𝐔 = 0, the velocity will be statistically independent from the past values, 

thus from the solid-body behaviour. Therefore, the decorrelation time can be intended as an 

indicator of macro-mixing performance. Note that this concept can be generalized to any flow 

in which the Lagrangian velocity is expected to be ideally constant relatively to an appropriate 



frame of reference. For instance, the velocity in an infinite length pipe is constant if expressed 

in Cartesian coordinates.  

3 Results 

3.1 Effect of tracer concentration and acquisition rate on the tracking 

performance 

Fig. 5 shows some of the particle trajectories obtained from experiment B1. Due to the 

unbaffled configuration of the tank, the trajectories were mainly circular with small vertical 

motion. The performance measures of the tracking algorithm are listed in Table 5. Different 

repetitions of experiments B, C and D showed very similar results. 

Both the detection efficiency, i.e. the average percentage of particles detected per frame, 

and the tracking efficiency, i.e. the average percentage of particles linked per frame, decreased 

linearly with the square of tracer concentration (Fig. 6a). This was caused by the increasing 

number of indistinguishable particles in the images. Even a low percentage of overlapping 

particles (< 6.0% estimated at the highest tracer concentration) has dramatic effects on PTV 

trajectory reconstruction, particularly if only two views are used. Three or four views 

algorithms are more robust, as they increase the probability that each particle is visible in at 

least two images. 

The CPU cost increased more than linearly with the concentration (Fig. 6b), because 

more combinations had to be processed at the stereo-matching and trajectory reconstruction 

steps. Experiments B showed the minimum CPU time required per data point (7.7 ms). 

Reducing the tracer concentration from 0.002 (experiments B) to 0.001 particles per 

pixel (experiment A) did not lead to significant advantages in terms of efficiency and 

computational costs. On the other hand, the absolute number of valid links was sensibly 

reduced, as expectable. Similar performances were also obtained by increasing the frame rate 



from 125 fps (experiments B) to 500 and 3,600 fps (experiments E and F), while maintaining 

the same tracer concentration. However, the relative error in the velocities would be higher 

because of the smaller Δ𝑡𝑡. This demonstrates the need to not exceed the recommended frame 

rate (eq. 4). In conclusion, the conditions of Experiment B were the preferable choice for this 

flow. 

   

Fig. 5 Lagrangian trajectories obtained from experiment B1. (a): cross section. (b): selection of the 

trajectories longer than 0.5 s within the first 1 s of experiment (0.6% of total data set). 

Table 5 Performance measures of the tracking algorithm. 

Experiment 

Average fraction 

of detected 

particles (±3𝜎𝜎) 

Number of 

obtained links 

Average fraction 

of tracked 

particles 

CPU time 

(stereo-matching 

and tracking) 

A 77.4% (±12.6%) 583,373 41.2% 112 min 

B1 77.9% (±7.4%) 1,115,409 39.4% 141 min 

B2 77.0% (±7.9%) 1,088,760 38.5% 144 min 

B3 78.4% (±7.3%) 1,134,957 40.1% 144 min 

C1 73.1% (±3.8%) 2,365,631 27.9% 876 min 

C2 72.0% (±3.8%) 2,338,387 27.5% 895 min 



C3 70.6% (±4.0%) 2,296,014 27.0% 866 min 

D1 66.2% (±2.9%) 2,561,380 18.1% 2104 min 

D2 66.2% (±2.9%) 2,599,979 18.4% 2119 min 

D3 67.5% (±2.8%) 2,619,341 18.5% 2194 min 

E  78.3% (±7.1%)  1,178,112 41.6% 134 min 

F  76.4% (±7.8%) 1,102,631 38.9% 121 min 

 

 

Fig. 6 Performance measures of the tracking algorithm comparing experiments A, B, C and D. (a): particle 

detection and tracking efficiency. (b): CPU cost against the tracer concentration. 

3.2 Signal-to-noise ratio enhancement and velocity statistics 

The distributions of the reduced Chi-squared of the filters, tested on the 𝑧𝑧 coordinate 

from experiment B1, are plotted in Fig. 7a. For SGFd and SGFe, Mo(𝜒𝜒2/𝜈𝜈) ≫ 1, where Mo 

indicates the mode. These filters did not fit the data adequately, due to the low order of the 

polynomial: SGFe corresponded to a 3-point moving average and SGFd was a 5-point 

linearization. SGFa, SGFb and SGFc had similar modes, equal to 0.88, 0.93 and 0.73 

respectively. In particular, SGFa and SGFb produced two very similar distributions of the 

reduced Chi-squared, while SGFc had a slightly broader distribution, hence a higher presence 



of badly fitted and overfitted data. Note that increasing 𝑜𝑜 from 2 to 3 did not have a significant 

impact on the filter performance. This confirmed that, for this flow system, the assumption of 

uniformly accelerated motion of the tracers is valid. Fig. 7b shows that the resulting velocity 

magnitude distributions of SGFa, SGFb and SGFc were very similar. SGFa had a stronger 

smoothing effect, as can be seen by the higher probability around the mode. In the light of the 

above, SGFb was the best option. According to eq. 13, this filter would reduce the amplitude 

of white noise to ~45% of the original value. 

 

Fig. 7 Distributions of the reduced Chi-squared of the filters applied to the z coordinate. 

The following considerations refer to SGFb. The fitting residuals on 𝑧𝑧 (Fig. 8a) were 

normally distributed, with zero mean and RMS of ±249 µm. Note that, with an ideal perfect 

filter (𝜒𝜒2/𝜈𝜈 = 1), the residuals would be equal to the measurement error. The RMS residuals 

on 𝑥𝑥 and 𝑦𝑦 were ±38 µm and ±42 µm, i.e. ~6 times smaller than the residuals on 𝑧𝑧. This 

reflects the fact that the error in the depth coordinate was predominant, as discussed in §2.3.2. 

The 3D residuals (signless), calculated as 𝑟𝑟 = �𝑟𝑟𝑚𝑚2 + 𝑟𝑟𝑦𝑦2 + 𝑟𝑟𝑧𝑧2, were distributed as pictured 

in Fig. 8b, with mode at ~157 µm and RMS of 255 µm, which is equal to the guessed error 

only by accident. 



 

Fig. 8 Fitting residuals of SGFb. (a): z component of the residuals. (b): 3D (signless) residuals. 

The residuals were further investigated along the longest trajectory of the experiment 

(Fig. 9a). This consisted of 479 data points (~3.82 s), that are enough to be statistically 

representative. The filtered data in 3D space tended to be inside the uncertainty region centred 

at the unfiltered data (Fig. 9b). The residuals did not show positive autocorrelation. This can 

be observed by plotting the residuals sequence along the trajectory (Fig. 10a) or by scattering 

each residual against the consecutive one in a lag plot (Fig. 10b). In the lag plot, the points 

were clustered around the origin with absence of patterns. Since the fitting residuals where 

normally distributed and not autocorrelated, they were random. This observation allows to 

conclude that the SGF reduced random noise and the experimental errors in the coordinates 

were in the same order of magnitude of the RMS fitting residuals. 



 

Fig. 9 Trajectory in the tank volume selected for residual analysis (a) and zoom on some data points in 3D space 

(b). 

 

Fig. 10 Residuals along the longest trajectory (a) and 1-lag plot (b). 

3.3 Velocity autocorrelation along trajectories 

Fig. 11 displays an example of velocity autocorrelation coefficient, for the case of the 

trajectory already shown in Fig. 11a. Where 𝑅𝑅𝐔𝐔 is outside the red transparent region, the null 

hypothesis that there is no correlation at and beyond that lag is rejected with a significance 



level of 95%. Instead, the null hypothesis cannot be rejected if 𝑅𝑅𝐔𝐔 is within the band. The band 

was calculated according to the following formula: 

𝑏𝑏95%(𝑙𝑙 = 1) = ±1.96 �
1
𝑇𝑇

;

𝑏𝑏95%(𝑙𝑙 ≥ 2) = ±1.96 �
1
𝑇𝑇
�1 + 2� 𝑅𝑅𝐔𝐔(𝑗𝑗)2

𝑙𝑙−1

𝑗𝑗=1
� . (16)

 

The coefficient 1.96 is the 95% quantile of the standard normal distribution and the expression 

under square root is Bartlett’s expression for the standard error.     

 

Fig. 11 Example of the velocity autocorrelation curve for the trajectory shown in Fig. 9a. 

For that specific trajectory, the decorrelation time was 1.6 impeller revolutions, 

corresponding to ~0.48 s. Fig. 12a shows how the decorrelation time of the 188 investigated 

trajectories (on the horizontal axis) were distributed against the trajectory length (on the vertical 

axis) and the average velocity magnitude (in the colour bar). The absence of evident patterns 

indicates that the decorrelation time calculated with the proposed method was unaffected by 

the finite length of the trajectories (PCC = 0.13). Therefore, the decorrelation time distribution 



in Fig. 12b was unbiased and characteristic of the flow. Instead, it was not possible to exclude 

an effect of the average velocity (PCC = −0.35). Reasonably, shorter decorrelation times can 

be expected in the zones of the tank where the velocity is higher. Additional investigations 

should be carried out to address the role of velocity. 

 

Fig. 12 (a): scatter of the decorrelation time against the trajectory duration, coloured in function of the average 

velocity along the trajectory. (b): distribution of the decorrelation time in the flow. 

4 Summary and Conclusions 

3D-PTV measurements have been conducted in a lab-scale tank operated in the high-

transitional regime (𝑅𝑅𝑅𝑅 = 12,000) and stirred with a Rushton turbine. The experimental rig 

consisted of a single camera setup with a two-view splitter. The capability of the 3D-PTV 

facility to measure the flow field in the vessel has been investigated. 

The average error in the reconstructed coordinates, determined by means of the 

reference geometry used for image calibration, was 51 µm. The 98-th percentile, a more 

conservative statistic, was 255 µm. The error component in the depth, 𝑧𝑧, was about 5 times 



worse than those in 𝑥𝑥 and 𝑦𝑦. The knowledge of the measurement error is of crucial importance 

in PTV experiments, as the frame rate and tracer concentration should be chosen accordingly. 

The PTV operational variables have been optimized. It has been found that the best 

choice was to operate with 0.002 tracers per pixel. Higher concentrations (0.006 and 0.010 px-

2) led to a significant decrease in detection and tracking efficiency and higher computational 

cost. A lower value (0.001 px-2) did not lead to higher efficiency, while of course it reduced 

the number of velocity vectors obtained. The best choice for the acquisition rate was 125 fps 

(𝜑𝜑 = 0.51). Higher rates (500 and 3,600 fps) did not lead to higher tracking efficiency, while 

the error in the velocities would have been larger because of the smaller ∆𝑡𝑡. Values of the frame 

rate smaller than 125 fps have not been tested. The camera could potentially record at 60 fps, 

a too low acquisition rate for tracking the high-velocity particles in the impeller region. At the 

optimal conditions, the particle spacing displacement ratio (eq. 6) was 𝑝𝑝 = 1.95. These results 

can be generalized for future measurements of similar flows. The optimal conditions can be 

adjusted by keeping the same normalised parameters 𝜑𝜑~0.5 and 𝑝𝑝~2. In particular, the frame 

rate will scale linearly with the characteristic flow velocity (eq. 4), while the particle 

concentration will decrease with the cubic power of the characteristic velocity (eq. 6). At the 

same time, it must be ensured that eq. 3 and eq. 7 are satisfied. Because these two equations 

represent two conflicting requirements, it is possible that only a limited range of flow velocities 

can be measured effectively for challenging experimental conditions.  

The 3D Lagrangian coordinates obtained with the best operational conditions have been 

smoothed with five Savitzky-Golay filters of different width and polynomial order. The 

comparison of the reduced Chi-squared distributions of the filters suggested that a 2nd order, 

11-point filter was the best option among those investigated. Interestingly, a 3rd order, 21-point 

filter did not perform better, suggesting that the Lagrangian acceleration is enough to describe 

the flow dynamics locally. The fitting residuals of the three spatial coordinates were normally 



distributed and not autocorrelated, with RMS of ±38, ±42 and ±249 µm in 𝑥𝑥, 𝑦𝑦 and 𝑧𝑧. The 

resulting 3D residuals were approximately log-normally distributed with mode at ~157 µm and 

RMS of 255 µm. In general, the optimal filter could be different based on the flow 

characteristics and experimental conditions. However, the analysis of the Chi-squared 

distributions is an easy and quick task (the computations for ~106 data require a few minutes 

on a personal laptop), thus the best filter parameters can be determined with low efforts. 

It has been shown that 3D-PTV can be used to obtain flow measurements in agitated 

vessels of lab-scale, provided that the operational variables are chosen correctly and the 

experimental error in the Lagrangian coordinates is reduced. Note that the velocity sequences 

can be filtered themselves, further enhancing the SNR and allowing the Lagrangian 

accelerations to be calculated. Velocity and acceleration data can be immensely useful for 

better understanding the flow dynamics inside agitated tanks. A method for estimating the flow 

decorrelation time scales from the autocorrelation of the velocity vectors has been proposed. 

This analysis requires a sufficient number of long trajectories. This approach could be used to 

compare flows as the Reynolds number is changed, or with different impeller geometries, fluid 

rheology and tank scales. 

 The observations reported in this paper can be easily generalized and represent a useful 

guideline for future PTV investigations in agitated vessels. 
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