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THE SIGMA FORM OF THE SECOND PAINLEVE HIERARCHY.

IRINA BOBROVA AND MARTA MAZZOCCO

ABSTRACT. In this paper we study the so-called sigma form of the second
Painlevé hierarchy. To obtain this form, we use some properties of the Hamil-
tonian structure of the second Painlevé hierarchy and of the Lenard operator.
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1. INTRODUCTION

The Painlevé differential equations were discovered more than a hundred years
ago and since the eighties have appeared in many branches on mathematics and
physics, including several of Dubrovin’s seminal papers on Frobenius manifolds.

The reason behind the ubiquitous appearance of these equations is that they are
innately linked to the Toda hierarchy. In [6], Dubrovin and Zhang proved that the
tau function of a generic solution to the extended Toda hierarchy is annihilated
by some combinations of the Virasoro operators. It is such Virasoro constraints
that regulate the correlation functions of many systems in random matrix theory,
in string theory and topological field theory. For example in [7], expressions for
the genus g > 1 total Gromov—Witten potential were obtained via the genus zero
quantities derived from the Virasoro constraints.

The link between Toda—type systems and Painlevé equations becomes explicit
when the latter are re-formulated in the so called sigma form introduced in [10, 9, 8]
as the equation satisfied by the logarithmic derivative of the isomonodromic 7—
function. An other approach to obtain the sigma form was proposed by Okamoto
who developed the Hamiltonian theory of the Painlevé differential equations and
showed that all Backlund transformations can be obtained as natural affine Weyl
groups actions on the sigma form ([14], [15], [13], [16]).

In this paper, we present the sigma form for the second Painlevé hierarchy, an
infinite sequence of non linear ODEs containing

P : w”(2) = 2w(2)® + zw(z) + o,
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2 IRINA BOBROVA AND MARTA MAZZOCCO

as its simplest equation. Further in the paper, we will omit the argument z and
use ’ as the derivative w.r.t. z.

The n-th element is of order 2n, and depends on n parameters denoted by
t1,...,tn_1 and a,:

(1)
sz) : ((i + 2w> [w' — w? Ztl < + 2w> Ly [w' —w?] = zwtan, n>1,

where L, is the operator defined by the recursion relation

d d? 2 d / 2\/ / 2 1
(2) $£n+1= d3—|—4( w)£+2(w—w) L, Co[w—w]ZE,

with boundary condition
(3) Ln[0]:=0, Vn>1

The second Painlevé hierarchy is often presented with t;, = --- = t,_1 = 0
[4, 11, 3]. We will not fix these parameters as it was considered in [12].

The Hamiltonian form of the second Painlevé hierarchy was produced in [12]
where the authors gave canonical coordinates Py, ..., P,, @1,...,Q, and a Hamil-

tonian function H(™ such that sz) is equivalent to
@) 9Qi _ oH™ op, . 9HM

0z - aPi ’ 0z n an ’
In particular H(™ is a polynomial in Pi,...,P,,Q1,...,Q, and that the Hamil-
tonian equations satisfy the Painlevé property.

The sigma function is by definition the evaluation of the Hamiltonian on solu-
tions, namely

(5) Jn(z) = H(n) (Pl(z)’ v 7Pn(z)7Q1(Z)v .- aQn(z)) .

Our main result in this paper is the following

1=1,...,n.

Theorem 1.1. Consider the Lenard operators Ek defined by

ds [, taa] (& d o\ [ tam
(6) &Ek—o—l |:(Tn D) :| (d 3+2(2 tn—l)&“”QO—n Ly On — ) ’

-~ T
EO |:O.;L_ n21:| :%7 tOZ_Za

with the boundary condition

) B = () (%),

and define

n

(8) fa= thZz {Uﬁl (2) — t”21} , tn =1

=1

Then, for n > 1, the n-th element of the second Painlevé hierarchy (1) is equivalent
to

(9)
—Fh () (2 = 2n) (th ( £l+1) +2f1fn+on— %tn—l Z) = ay, (a, —1).
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Remark 1.1. We note that an other equation of order 2n+ 1 for the sigma function
of the n-the element of the second Painlevé hierarchy was produced by Stuart
Andrew, a former master student of the second author in integral form [1]. The
formula (9) in this paper is an explicit ODE of order 2n as expected (see Lemma
3.3 in Section 3).

Acknowledgements. The authors would like to express their gratitude to
Volodya Rubtsov for introducing them to each other. The authors are also grateful
to Vladimir Poberezhnyi, who initiated I.B. to the Painlevé equations theory and
constantly supported her during her scientific work. The research of I.B. is a part
of her PhD program studies at the Higher School of Economics (HSE University).
I. B. would like to thank to Faculty of Mathematics for giving her such opportunity.
The research of M.M. is supported by the EPSRC Research Grant EP/P021913/1.
The research of I.B. was partially supported by the RFBR Grant 18-01-00461 A.

2. HAMILTONIAN STRUCTURE OF THE SECOND PAINLEVE HIERARCHY

In this section we resume some results in [12] that turn out to be useful in our
proof of Theorem 1.1.

Let us consider the isomonodromic deformation problem for the Pﬁl) hierarchy

ov -\ w
62—8\11_(w A)qu,

n—1
o _ gL K—AZ —an> YO Z“M(”] ,
=1

o\ A \—a, Az
ov 0 (0. + 2w) Ly [w' — w?]
- = (k) _ z k
(2k+1) otr (M ((8z +2w) Ly [w/ . wz] 0 v,
where the matrix M® is defined as
20+1 " 21 "
Dy D
> AYN N BN
MO = jzl j2:ll+1 7
OBV OBV
DOV =Y APN
j=1 j=1
with
(10)
1 l
Agl)Jr1:4l§ A§;2=0, kE=0,...,1
4k+1 d d
A;llc)Jrl = 9 {Elk [w' - UJQ} T4 (dz + Qw) Li -1 [w’ — wz] } , k=0,...1—-1;
. 4k+1 d d
B£k)+1 T 9 @z (dz+2w> Li—g-1 [w'—wﬂ , k=0,...,1-1;
d
BY) = —4* (d +2w> Lip[w —w?], k=1,...1
z
The compatibility condition
DA™ 9B
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gives the n-th member of the second Painlevé hierarchy (1).
It is convenient to introduce new notations to define the matrix A . Let us set

n 1) n l
(11) agk)_H ZtlAgk_H, =1,...,m; a(1 ) :ZtlAg) -
békH_ZtlB%H, k=1,...,n—1;
ZtlBka k=1,...,n; bgn) =—ap, t,=1.

Therefore, A™ can be represented in the following form

n 2n
Z g]z)_y.lAQk Z bl(cn))‘k_l
A(n) _ ) k=0 k=0
k(n — n
DOED RINT =Y ag) W
k=0 k=0

The canonical coordinates are given by relations
(n) (n) n
a + by 1 9S>
Py = Iy, = 2(n—k)+1 2(n /f)-i-l7 Qk _ Z 27b(n) 27 k= 1’ o
; J

ol " ol

Sk—ZqJ, =1,...,2n;

H1:(h+"'+¢hn, Z 454k, ) H2n:q1q2~~'q2nv
1<5<2n

where g; are solutions of the following equation

n—1
(n) (n) 2k (n)  _2n _
> (b27c+1 + “22“) G +az,q" =0,
k=0
and p; = Zb% q?’c L
The coordmates Py,...,P,, Q1,...,Q, are canonical with the Poisson structure

The corresponding Hamiltonian in terms of the canonical coordinates is

(12)

H( )(Pla'”an;Qla--'aQna = (Zaél-i-l Q(n -1 Zbél+1bg(n 1)—

(n (n) Qn
+szz 2(n— l)) T gn

where the coefficients of A can be expressed as polynomials in the canonical
coordinates by theorem 6.1 in [12].
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We conclude this section be reminding a useful formula valid both for the Lenard
operators L,, and £,, [12]:
(13)  Lp1 =L +3L, ﬁl

+Z Lo (ALIL; — Lijpr +2L)) = L5L, ), n>1.

jn—j

3. PROOF OF MAIN THEOREM

Firstly, the following correlation between the sigma coordinates and the solution
(n) ; ; .
of the Py;” equation was proved in [1]:

Lemma 3.1. The sigma function o, of definition (5) is related to the solution w,,
of (1) by the following

where tg = —z.

Proof. By definition (5) of the sigma-coordinates, we have

on(2) == H™ (PL(2), ..., Pu(2),Q1(2),...,Qun(2)).

where Py, ..., Py, Q1,...,Q, are canonical coordinates. Its first derivative is
oH™  gH™
() = dym) (n)} — ,
7u (2) {H H + 0z 0z

By formula (12), the only term in %™ that depends explicitly on z is

1 n n
72271 10‘5 )a’gn) 1

Hence, using formulas (10) and (11), o},(z) is calculated as

ag

/(z)_aﬂ(”) R ( () () )

= = — . la; "a
n o2 92n—1 1 2n—1

- 22n i ((Z“A(l _Z>Ztlf4gn 1)

l 1 n n—1
= 22n—1 ZtlAgr)Lfl = 92n—1 ( Aén) 1Tt 1A2n 1))
=1

tn1 s tn1

=L [w; —wi] +
O

Note that thanks to Lemma 3.1, we can define all Lenard operators in terms of
on(2z) rather than w(z). However, we need to be careful in the integration step to
extract L,,41 [w’ — w?] from formula (2). The fact that the integrand is exact was
proved in [17], and the choice of the integration constant depends on the condition
we impose on L, [0].
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Lemma 3.2. For the n-th member of the second Pailevé hierarchy, n > 1, the
Lenard operators defined by (2), (3) coincide with the operators defined recursively
by relations (6) with boundary conditions (7), or in other words

. t
Ly, [w), —w2] = Ly [g;_ 21]’

where w,, denotes the solution of (1).
Proof. We prove this statement by induction. We know that
Ly [w), —wi] =w], —w}.

On the other side, using (6) we have

d ~ tos
g7 1 tn _ N
dz! [0” 2 ] Tn

so that

-~ th_
L1 {a; — n2 1] = o/, + const,

and by imposing the boundary condition (7), we obtain

~ tr— thr—
L1 {U;— n21}=0/— n—l

that due to Lemma 3.1 gives £ [w' - w2] = El [U;L — t"T‘l

Let us now assume that the statement is true for k = [ and prove it for k =1+ 1.
tn—1
2

Let us call ¢, 1 the constant term of EAZH {a; — } . By formula (13), we have

that ¢; 41 is defined as
-1

Cl+1 = 3ci1cp + E Cl—j (4clcj — Cj+1) .
Jj=1

k 2k
This discrete equation is solved by ¢ = (—%) % ( A ) as we wanted to
prove. [

Remark 3.1. When n = 1, t,_1 = tg = —=z is no longer constant. In this there
is no change of boundary condition and the operators Ek are simply the standard
operators L defined by (2), (3), applied to o] + z/2. In this proof of theorem 1.1
we consider n > 1 and prove (9) as well as the following (valid for n = 1)

52

(14)  —fi+ () + (z—2f) <(E/1/ - Ez) +2ff+o1+ 1 > =ag (a1 — 1),
Now we can proceed to the proof of theorem 1.1.

Proof of theorem 1.1. Suppose that z — 2f, # 0, i.e. «, ¢ %Z. Then w(z) is
expressed from (1) as

fn = n

(15) w = Py
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From lemma 3.1 and (15) we obtain

(16) () + e =28 2= (o= 52 ) G = 260 = (e = ).
e
Ly [U;lf/"Tfl]

This equation involves derivatives of o, (2) of order 2n + 1. Since we are looking
for an ODE of order 2n, we need to remove these. To this aim, we differentiate
(16) obtaining

(17) (2 —2f) (f,';’ VAL [ 4 2L f — 20, — 22’1) —0,

and use the Lenard recursion relation (2) obtaining

d (<~ » ~
(18) (z—=2fn) = <lz; tliy1 — 2L —op + hy (2) + const) =0,

tn—1

where we understand that Ek is applied to o], — and

1 1
hn(Z) = §Z (tnl (1 — 6n,1) — 52 5n,1> .

By our assumption, z — 2f,, # 0. Thus, (18) becomes

n
(19) > tlipy — 2Ly — oy + hn (2) =0,
=1
where we have absorbed the integration constant in sigma (constant shifts in sigma
do not change the dynamics).
So we have two equations, (16) and (19) that both contain derivatives of o, (2) of

order 2n+1. We can replace f;/ in (16) by f, — <Z?=1 6Ly — 2Ly — 0y + B (2)
thus obtaining (9). O

Lemma 3.3. The sigma form (9) is an ODE of order 2n.

Proof. By using formula (13) we see immediately that (9) is equivalent to

_fvlz+(f7lz)2+(z_2fn) Un_hn(z)_ (U:z_tngl)fn

n -1

DD (2 (AL L — Lya +2£)) = BEi,) | | = aw (e = 1),

=1 j=1
which is an ODE of order 2n. O

To demonstrate how our theorem 1.1 works, we give two examples for cases n = 1
and n = 2.

Example 3.1. For n = 1 we use (14) to obtain

_ 0”_1_1 + O'N—f—l 2—20' 0+122_(0/+€)2 =aq (a1 —1)
! 5 ! 5 1 1 1 1 B 1 1 )

2
(07)? = 20107 +22 (o))" +2(0])" = (‘“ - > '
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Remark 3.2. If we consider the following map of the Okamoto Hamiltonian in [13]

1 1 1 1
Hi(p.q)=-p(p—2¢—2)— (a+=)q¢ +— 2Hu(2p,-q)+=q,
2 2 4 2
the Okamoto sigma form for the second Painlevé equation in [13] coincides with

our sigma form.

Example 3.2. Set n =2 in (9):
— fi+ () + (= 2p) (1 (21 - £B2) + (B4 — Ls)

1
+2f1f2 + g9 (Z) — 2t12> = Qg (CKQ — ]_) R
where
—~ t . t R ;
f1:£1|:0'/2—21:|, f2:t1£1|:0'£—21:|—|—£2|:o'/2—21:|7

with the Lenard operators
t1 1 =~ tq 2 1
Ly [02 2} =05~ 5 Lo [Jé - 2} =0y +3(03)" -3t (05 - 4151) .
31 v
53{022] ol 4+ 100%0y +5 (o) + 10 (0})°

5 1
—5t1< " 43 (o ))+§t§ (305—2751).

Then the sigma form for Pg) is

(o8) + 12050408) — 41100 — o)+ 4chol! — 21, (oF)?

—2(c!) ol +20(0%)° o — 24ty (04)° o' + 93ahal — 2200
— B0 + 2zt10Y — 2050} + 30 (04)” (0)? = 20t10, (o)) + gt% (o})?
+z (05’)2 — 60hol + 2104 + 24 (02) — 46t, (05)4 + 3413 (05)3 —4z (05)3
— 1263 (0})? 4 82t1 (0)” — 602 () + 2t10), — 42430, + At 040
1

1 1 1
— §t5 + 2t12 — 2t%0’2 — §t12’2 + 209 = Qg (ag — ].) .

4. BACKLUND TRANSFORMATIONS

The Bécklund transformations of (1) have two generators [13, 5, 3, 2]

200, — 1
S Wy, (2,1 00) = Wy, (2,85 000) — —; n , On=1—a,

2 Z t L [w; — wi]
=0

T wp, (2,6 —an) = —wp (2,6 0) -

Theorem 4.1. The Bdicklund transformations of the sigma forms (9), (14) act on
the sigma function

s(on) = on, r(opn) = op — 2w,
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Proof. Since the right hand side of the sigma form (9), (14) is invariant under the
s-action, o, is also invariant under this action. Regarding the r-action, we have

/ 2\ _ / 2 _ 1 !
T(wn—w)——wn—wn—an—2wn.

After integration w.r.t. z we obtain the final formula.
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