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Abstract

We obtain a criterion for an analytic subset of a Euclidean space to contain points of differentiability of a typical
Lipschitz function: namely, that it cannot be covered by countably many sets, each of which is closed and purely
unrectifiable (has a zero-length intersection with every C! curve). Surprisingly, we establish that any set failing
this criterion witnesses the opposite extreme of typical behaviour: in any such coverable set, a typical Lipschitz
function is everywhere severely non-differentiable.
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1. Introduction

Whilst the classical Rademacher’s theorem guarantees that every set of positive (outer) Lebesgue
measure in a Euclidean space R? contains points of differentiability of every Lipschitz function on
R, a major direction in geometric measure theory research in the last two decades was to explore to
what extent this is true for Lebesgue null subsets of R4. It was shown in the 1940s [3, 25] that for
any null set N C R, there is a Lipschitz function f: R — R nowhere differentiable in N. In contrast,
for any d > 2, there are Lebesgue null sets in which every Lipschitz function R? — R has points of
differentiability; see [20, 5, 7]. Sets with the latter property are called universal differentiability sets
(UDSs).

© The Author(s), 2020. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (http:/creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.
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2 Michael Dymond and Olga Maleva

But if there is a Lipschitz function nowhere differentiable on a given set N, one naturally wonders
what happens with a typical (in the sense of Baire category — see the exact definition below) Lipschitz
function on N. Classical results suggest that typical functions exhibit the worst possible differentiability
behaviour: e.g. a typical continuous function on an interval is nowhere differentiable; see [2]. Surpris-
ingly, the complete opposite may be true in spaces of Lipschitz functions, even in spaces of Lipschitz
functions restricted to some non-UDS N. In dimension one, [22] shows that N C R can be covered by
a countable union of closed null sets if and only if a typical 1-Lipschitz function R — R has no points
of differentiability in N. It can be seen from the proof in [22] that for all other analytic sets, a typical
1-Lipschitz function will be differentiable at a point inside the set.

In the present paper, we settle the question of differentiability of a typical Lipschitz function inside
a given analytic subset N of R?, d > 2. We give a complete characterisation of the subsets N of R¢
in which a typical 1-Lipschitz function has points of differentiability: they cannot be covered by an
F purely unrectifiable set; we refer to such sets as typical differentiability sets (a simple example is a
C'-curve in RY). We also show that for all remaining sets N, a typical 1-Lipschitz function is nowhere
differentiable, even directionally, inside N.

We formally state our main results in the next section; see Theorems 2.1 and 2.2, which imply a
dichotomy between typical differentiability and typical non-differentiability sets for every dimension
d > 1 (see Corollary 2.3).

Note that universal differentiability sets form a subclass of typical differentiability sets. Although
to date there is no geometric-measure criterion for a set to be a UDS, it has been established that
UDSs may be extremely small, e.g. compact and have Minkowski dimension 1; see [7]. This demon-
strates the extent to which the F-null criterion from [22] fails in higher dimensions: in dimension
one, countable unions of closed null sets are typically non-differentiability sets; but in all higher di-
mensions, they may actually capture differentiability points of every Lipschitz function. We expect
that, in the same spirit as for UDSs, typical differentiability sets will be explored further, in particular
providing insight into typical behaviour of Lipschitz functions on non-Euclidean spaces; in this con-
text, one should mention recent research into UDSs in Heisenberg and, more generally, Carnot groups
[21, 19, 14].

Let us be more precise about the terminology we use. The present paper will not be excessively
concerned with the measurability of subsets of Euclidean spaces, so we will use the term measure in
the sense of Hausdorff measure, as in [16]. This includes both the Lebesgue and outer Lebesgue one-
dimensional measure, which we denote by £. A Lipschitz mapping with Lipschitz constant less than or
equal to one is referred to as 1-Lipschitz; let Lip, ([0, 11¢) denote the set of all 1-Lipschitz functions
f:[0,1]¢ — R, viewed as a complete metric space when equipped with the metric p(f, ) = ||g = flle-
For any Lipschitz mapping f, let Diff(f) denote the set of ¢ such that f is differentiable at r. We say
that a typical 1-Lipschitz function has a certain property if the set of those f € Lip, ([0, 1]¢) with this
property is a residual subset of Lip, ([0, 1]¢), i.e. its complement is meagre (in other words, is of first
category).

We refertoaset S C (0, 1) as a typical differentiability set if a typical 1-Lipschitz function has points
of differentiability in S, i.e. Diff(f) NS # 0. Let us also refer to subsets of (0, 1)¢ in which a typical
1-Lipschitz function has no points of differentiability as typical non-differentiability sets. A priori, a set
S ¢ (0, 1)4 may have exactly one of these two properties, or none; we show in Corollary 2.3 that for
analytic S, ‘none’ is impossible.

We would like to add that a very recent advance in this area, primarily for vector-valued Lipschitz
mappings to Euclidean spaces of at least the same dimension, was made by Merlo [17].

It is worth mentioning further specific details of the aforementioned works [22] and [17] that
are of relevance to the present paper. Recall that [22] characterises typical non-differentiability sets
in [0, 1] as those sets that can be covered by countably many closed sets of measure zero. It also
gives a sufficient condition for a set to be a typical differentiability set via the property of having
‘every portion of positive measure’. We now give a definition of this notion and its higher-dimensional
analogue.
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Definition 1.1.

(i) We say that a set F' C R has every portion of positive measure if for every open set U C R with
U N F # 0, we have that £L(U N F) is positive.

(i) We say that a set & C R¢ has every portion of positive cone width if for every open set U C R?
with U N F # 0, there exists a C'-smooth curve v : [0, 1] — R? with nowhere zero derivative
such that £ (v[‘]1 (U N %)) is positive.

Remark 1.2. If a set & has every portion of positive cone width and a > 0, then the curve vy may
always be chosen so that it additionally satisfies ||v;j (t)“ =gaforallz € (0,1).

Also, in Section 4, we introduce the notation I'g (U) to denote the collection of all C 1_smooth curves
y with codomain U and £(y~'(%)) > 0. We may note here that if & has every portion of positive
cone width, the set U is open with U N F # 0, and a > 0, then there exists vy € I'¢(U) such that
“Vb(t)” = q for all ¢.

Note that the two notions (i) and (ii) coincide in dimension d = 1. Petruska [18, Theorem 1] proves
that analytic subsets of [0, 1] not coverable by a union of countably many closed, measure zero sets can
be characterised as those sets £ C [0, 1] for which there exists a closed set F C [0, 1] having every
portion of positive measure such that E N F is relatively residual in F.

Definition 1.3. We will use the term Lipschitz curve to refer to a Lipschitz mapping y: I — R¢, where
I € R is aclosed interval, with the property that the derivative 7y’ is bounded away in magnitude from
zero almost everywhere.

A set P C R9 is said to be purely unrectifiable if for every Lipschitz curve y: [0, 1] — R9, the set
v~ 1(P) has Lebesgue measure zero.

The class of purely unrectifiable sets is widely regarded as the most exceptional in relation to
differentiability of Lipschitz functions. Moreover, recently Mathe has announced that, within the class
of Borel sets, purely unrectifiable sets coincide with the formally smaller class of uniformly purely
unrectifiable sets (see [15], Definition 1.4 and Remark 1.7). Alberti, Csornyei, and Preiss prove in [1]
that any uniformly purely unrectifiable set P C R? admits a Lipschitz function f: R¢ — R that fails
to have any directional derivatives in the set P. A strengthening of this is proved by Maleva and Preiss
in [15, Theorem 1.13]: such a function f may be constructed so that at all x € P, the function f is
non-differentiable at x in the strongest possible sense:

lf(x+y) = f(x) = (e _

r

liminf sup 0

=0y <r

for every e € R¢ with |le|| < 1. This condition expresses that every linear mapping RY — R of
norm at most one behaves as the derivative of f along a certain subsequence approaching x. In
Section 5, we show that the results of [15] are extremely relevant to typical non-differentiability; see
Theorem 2.7.

To find a characterisation of typical differentiability sets in higher-dimensional Euclidean spaces,
one might seek higher-dimensional analogues of interval subsets not coverable by unions of countably
many closed null sets. However, as explained earlier, the same notion cannot work, in particular because
there are closed, null universal differentiability sets. We verify that countable unions of closed purely
unrectifiable sets, which coincide with countable unions of closed null sets in the case d = 1, are the
fitting choice; see the characterisation given in Theorems 2.1 and 2.2. Merlo [17] also proposes that the
correct higher-dimensional analogues of typical non-differentiability sets for vector-valued Lipschitz
mappings are those subsets of [0, 1]¢ that can be covered by a union of countably many closed, purely
unrectifiable sets.
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2. Main results

2.1. Statement of main results

In the present section, we set out the structure of the proof of our main results, Theorems 2.1 and 2.2:
Theorem 2.1. Let d > 1. The following are equivalent for an analytic set o C (0,1)%:

(a) The set A cannot be covered by an F, purely unrectifiable set.
(b) A typical f € Lip,([0,11¢) has points of differentiability in o,
i.e. d is a typical differentiability subset of (0, 1)<.

Theorem 2.2. Let d > 1. The following are equivalent for an analytic set of C (0,1)%:

(i) The set d is contained in an F, purely unrectifiable set.
(ii) A typical f € Lip, ([0, 1]19) is nowhere differentiable in ,
i.e. d is a typical non-differentiability subset of (0, 1)€.

We caution again that Theorems 2.1 and 2.2 are not formally equivalent statements, i.e. the negation
of (ii) is not formally the same as (b). Thus, the following dichotomy is also a new result that follows
from Theorems 2.1 and 2.2.

Corollary 2.3. Let d > 1. Each analytic subset o C (0,1)? belongs to exactly one of the following two
classes: typical differentiability or typical non-differentiability sets.

Remark 2.4. Note that a typical differentiability set &/ may be purely unrectifiable. As an example, we
may take & as a 1-dimensional, Lebesgue null, G s set dense in [0, 1], embedded in [0, l]d . Although
by [15, Theorem 1.13], there is a Lipschitz function non-differentiable in </ in the strongest possible
sense, Theorem 2.1 guarantees that a typical Lipschitz function has differentiability points in <.

Theorems 2.1 and 2.2 in dimension d = 1 coincide with the results proved by Preiss and TiSer in [22];
in this paper, we provide a proof of the two statements for all dimensions d > 1. Also, as a corollary of the
proof of Theorem 2.1, we obtain a strengthening of their typical differentiability result; see Remark 2.9.

Since conditions (a) of Theorem 2.1 and (i) Theorem 2.2 are mutually exclusive, it is enough to
prove only the implications (a)=(b) in Theorem 2.1 and (i)=(ii) in Theorem 2.2. For convenience, we
restate these as two new statements. Moreover, we include in these two statements additional details
concerning special forms of differentiability and non-differentiability that, for simplicity, are omitted
from Theorems 2.1 and 2.2.

Theorem 2.5. Letd > 1. If an analytic set o/ C (0, 1)¢ cannot be covered by an F ., purely unrectifiable
set, then a typical f € Lip,([0, 1]%) has points of differentiability in of. Such points x € o may
additionally be taken so that the gradient V f(x) of f at x has magnitude one.

In Theorem 2.7, we show that the non-differentiability of Theorem 2.2 may be taken in a stronger
sense. Namely, we prove that for each typical non-differentiability set &/, a typical function f €
Lip; ([0, 1]¢) has no directional derivatives at every x € &/; moreover, its derived set D f (x, v), defined
below, coincides with [—1, 1] for each ||v|| = 1.

Definition 2.6. Suppose that f : [0,1]¢ — R is a function and x € (0, 1)?, v € S¥7! are two vectors.
The derived set of f at the point x in the direction of v is defined as the set D f(x,v) of all existing
limits lim,, e (f (x + t,v) — f(x))/tn, where ¢, N\, 0.

Theorem 2.7. Let d > 1. If a set of C (0, 1)? can be covered by an F, purely unrectifiable set, then
a typical f € Lip, ([0, 119) has no directional derivatives at every point of & ; moreover, for a typical
f € Lip, ([0, 119), it holds that D f (x,v) = [~1, 1] for every x € o and every v € S,

To conclude, note that [17] provides a statement analogous to Theorem 2.5 in spaces of vector-valued
Lipschitz mappings R — R™, with the restriction m > d, and with only directional differentiability

instead of full differentiability. Althou§h this statement might aj opear similar in spirit, we show in
Downloaded from https://www.cambridge.org/coré. IP address: 2.25.82.162, on 16 Nov 2020 at™13:42:38, subject to the Cambridge Core terms of use, available at
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Section 6 that projection arguments do not allow one to lower the codomain dimension to 1, as we
achieve in Theorem 2.5. On the other hand, parts of the argument employed in [17] apply to Lipschitz
mappings without restriction on the dimension of the codomain, and therefore Theorem 2.7 is proved
implicitly there. However, in Section 5 of the present article, we provide an independent shorter proof
of Theorem 2.7, using results of [15].

2.2. Strategy of the proof of typical differentiability

The proof of the ‘typical differentiability’” Theorem 2.5 roughly divides into two halves, proved in
Sections 3 and 4. In the first part, we prove the statement for the special case where o (or y(E) in the
statement below) is a subset of a Lipschitz curve with unique tangents at all points in &/.

Theorem 2.8. Let ) + F C [0, 1] be a closed set with every portion of positive measure, and let E be
a relatively residual subset of F. Let y: [0,1] — (0,1)? be a Lipschitz curve with Lipschitz constant
1, such that vy is differentiable with derivative of magnitude one at each t € E. Then the set S of those
functions f € Lip, ([0, 119) for which there exists t € E such that f is differentiable with derivative of
magnitude one at y(t) is residual in Lip, ([0, 1]19).

Remark 2.9. In the setting of Theorem 2.8, it is possible to obtain the stronger conclusion that there
is a residual subset R of Lip, ([0, 1]¢) for which every function f € R is differentiable at y(r) for
residually many ¢ € F (or, equivalently, for residually many ¢ € E). Loosely rephrased, a typical
f € Lip,([0,1]9) is differentiable at a typical point of y(F) (or a typical point of y(E)). For further
details, see Remark 3.18.

Importantly, this is a new observation even in dimension d = 1, where it asserts a stronger property
of one-dimensional typical differentiability sets than that proved in [22]; in particular, it strengthens [22,
Lemma 2]. Indeed, we may state the following extension of the results of [22]:

If an analytic set o/ C [0, 1] cannot be covered by a one-dimensional Lebesgue null F set, then
there exists a non-empty closed set F C [0, 1] with every portion of positive measure and a residual set
of functions f € Lip, ([0, 11¢) for which of N Diff(f) is a residual subset of F. The same conclusion
holds for any non-empty closed set F C [0, 1] with every portion of positive measure such that o/ N F
is residual in F.

Theorem 2.8 is proved in Section 3. Then, in Section 4, we show that the general statement of
Theorem 2.5 reduces to the special case of Theorem 2.8. Put differently, we show that any set o/ < (0, 1)¢
satisfying the hypotheses of Theorem 2.5 intersects some Lipschitz curve y, with Lip(y) < 1, in the
particular manner required by Theorem 2.8. To achieve this, we make important use of the following
proposition, which follows from [24]; compare with [17, Theorem 2.8]. It shows that analytic sets that
cannot be covered by a countable union of closed purely unrectifiable sets may be approximated by
closed sets having every portion of positive cone width; see Definition 1.1 (ii).

Proposition 2.10. If an analytic set of  (0,1)¢ cannot be covered by a countable union of closed
purely unrectifiable sets, then there exists a closed set F C [0, 1]% such that of N F is residual in F
and F has every portion of positive cone width.

Proof. We apply [24, Remark (2), page 1024] to the collection / of all closed, purely unrectifiable sets
and set /. We see that if &/ cannot be covered by a countable union of closed, purely unrectifiable sets,
i.e. o ¢ I, then there is a non-empty closed set & = C such that &/ N F contains a G s set dense in
F (implying that o N F is residual in &), and such that for any open set V with VN & # 0, it holds
that VN & ¢ I. In other words, V N & is not a purely unrectifiable set, which implies that there exists
a C'-smooth curve y such that £(y~'(V N F)) > 0, implying £(y~'(V N F)) > 0. Let U be an open
setwith U N # 0, and letx € U N . Choose r > 0 such that V = B(x,r) CV C U.If we take v = y
as above, the condition of Definition 1.1 (ii) is satisfied for U, and the statement follows. O

With Proposition 2.10 at hand, the reduction to the ‘special case’ described above is completed by
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Theorem 2.11. Let d > 1 and F C [0, 119 be a non-empty, closed set having every portion of positive
cone width. Let o/ C (0,1)¢ be an analytic set such that of N F is relatively residual in F. Then
there exists a 1-Lipschitz curve y: [0,1] — (0,1)? and sets E C F C [0, 1] with the following
properties:

(i) F is non-empty and closed and has every portion of positive measure.
(ii) E is residual in F.
(iii) vy is differentiable at every point t € E with ||y’ ()] = 1.
(iv) For everyt € E, we have

é]g})oscy/([t—é,t+5]) =0.

(v) y(E) € d.

The quantity osc, ([t — &, + 6]) of (iv) should be understood in the natural way; for a more precise
definition, see Section 4, (4.1).

Remark 2.12. We point out that Theorem 2.11 and Proposition 2.10 combine to give the following
statement, which may be viewed as a generalisation of the one-dimensional result of [18] to all higher
dimensions:

An analytic set of C (0,1)? cannot be covered by a countable union of closed, purely unrectifiable sets
if and only if there exists a 1-Lipschitz curve y: [0,1] — (0, 1) and a non-empty, closed set F C [0, 1]
having every portion of positive measure such that y~' (of) "Diff (y) intersects F in a relatively residual
set.

To prove Theorem 2.11, we construct a sequence (i), , of Lipschitz curves y, converging uniformly
to the desired curve y. We postpone this construction until Section 4. For now, let us present a proof of
Theorem 2.5 based on Theorems 2.8 and 2.11 and Proposition 2.10.

Proof of Theorem 2.5. By Proposition 2.10, there exists a closed set  C [0, 1]¢ such that o and F
satisfy the conditions of Theorem 2.11. Let y, E, and F be given by the conclusion of Theorem 2.11.
Then 7y, E, and F satisfy the conditions of Theorem 2.8. Applying Theorem 2.8, we conclude that
a typical f € Lip,([O, 1]4) has points of differentiability where the derivative has magnitude one in
v(E) C d. m|

2.3. Application in universal differentiability set theory

Recall [1, 15] that purely unrectifiable sets fail badly to have the universal differentiability property.
However, there are examples that show that such sets may provide surprisingly many differentiability
points of some Lipschitz functions. Csornyei, Preiss, and TiSer construct in [4] a universal differentia-
bility set E C R?, a purely unrectifiable subset P C E, and a Lipschitz function : R> — R such that
all differentiability points of % in the universal differentiability set E are captured by P, that is,

Diff(h) N E C P. 2.1

In the new paper [6], Dymond shows that by a modification of this construction, the set P may
additionally capture all differentiability points in E of a typical Lipschitz function in the shifted Lip,
space X = h+Lip, ([0, 1]). In other words, (2.1) holds not just for &, but also for a typical f € X. This
naturally invites the question of whether it is possible to find £ and P so that (2.1) holds for a typical f
in the natural space Lip, ([0, 1]¢) without any shift. As an application of the dichotomy between typical
differentiability and typical non-differentiability sets (see Theorems 2.1 and 2.2 and Corollary 2.3),
we establish that this is not possible. Although Theorem 2.13 shows that purely unrectifiable sets
cannot capture all points of differentiability of a typical Lipschitz function within a given universal
differentiability set, the main result of [6] asserts that purely unrectifiable sets may nonetheless capture
Downloa ﬁm@gﬁﬂy\?%f @@@@ﬁ@?ﬁ&ﬁﬁ&ﬁﬁ@?%ﬁggr@f yq\yig‘}?@aa} Eﬁ;ﬁﬁq@ﬁmﬁﬁﬁimbridge Core terms of use, available at
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Theorem 2.13. Let U C [0,1]¢ be a universal differentiability set and V C U be a subset with the
property that

Diff(f)nU CV

for a typical f € Lip, ([0, 114). Then 'V is not a purely unrectifiable set.

Proof. By assumption, the set U \ V is a typical non-differentiability set. Hence, Theorem 2.2 implies
that the set U \ V is purely unrectifiable. If we assume that V is also purely unrectifiable, we conclude
that their union U is purely unrectifiable and hence a cone unrectifiable set; see [15, Definition 1.7
and Remark 1.8]. Applying [15, Theorem 1.1] to the set U, we obtain a Lipschitz function g that is
non-differentiable everywhere in U, contrary to U being a universal differentiability set. o

3. Typical differentiability inside Lipschitz curves
In this section, we prove Theorem 2.8.

Definition 3.1. Let y: [0, 1] — (0, 1)¢ be a Lipschitz curve and F C [0, 1] be a closed set. We say that
v is affine modulo F if vy is affine on each component of [0, 1] \ F.

The next lemma allows us to assume that the Lipschitz curve given by the hypothesis of Theorem 2.8
is affine modulo F.

Lemma 3.2. Ify: [0,1] — (0, 1)? is a Lipschitz curve, F C [0, 1] is a closed set, E C F is a relatively
residual subset of F, and vy’ (t) exists for every t € E, then we may redefine v and E as vy, and E| in
such a way that E\ C E is a relatively residual subset of F, y;: [0,1] — (0, 1)? is a Lipschitz curve
with Lip(y1) < Lip(y), y1(¢) = y(t) for t € Ey, vy is differentiable at every t € Ey with y{(t) = y'(1),
and vy is affine modulo F.

Proof. Note that (0, 1) \ F is an open set; hence it is equal to the union | J;,” ; (@, b,) of open, disjoint
intervals. Let E1 = E \ U,;»1{an, bn}; redefine y on each of (a,, b,) in an affine way, and call the new
curve y;. Note that E| is a relatively residual subset of F and that y;: [0,1] — (0, 1)? is a Lipschitz
curve with Lip(y;) < Lip(y) and y,(¢) = y(¢) forall t € E;.

To check that vy, is differentiable on E|, let us fix any ¢+ € E| and € > 0. As v is differentiable
at ¢, let v € R4 and § > 0 be such that ||y(t +h) —y(t) — hv|| < €]|h| for all |h| < 6. Let N =
{n > 1: (b, —a,) > §/2}. Note that the set N is finite, and ¢ has positive distance from the set
U = U,en (an, by). Let 61 = min(dist(z, U), 6/2), and assume |h| < 61. If t + h ¢ U, (an, by,), then
v1(t+ h) =y(t+ h) and y,(t) = y(2), so that

lyi(e+h) —y1(2) - hv|l < £|n]. (3.1

If n > 1issuchthatt+ h € (a,, b,), thenn ¢ N, ie. (b, —a,) < §/2. Hence, using || < §/2, we get
lan —t|,|b, — t| < 6. We thus have, using yi(a,) = y(a,) and y1(b,) = y(b,), that

v1(an) =y1(t) = (an =Vl < €lan —t] and |ly1(bn) = y1(2) = (bn —)v[| < &[bn —1].

Ast ¢ [a,, b,], we have that either both (a, — ) and (b,, — t) are positive or both are negative. Thus if
t+h=aa,+(1—-a)b,, fora e (0,1), then

ly1(z+h) =y1(1) = hvl|l = llayi(an) + (1 = @)yi1(byn) = y1(2) - hv||
< allyi(an) =y1(1) = (an = vl + (1 = @) |ly1(bn) = 71(2) = (bp = D)V
<ela(an—1)+ (1 -a)(bn —1)| =£€|h],

verifying (3.1). m}
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8 Michael Dymond and Olga Maleva

Definition 3.3. Let y: [0, 1] — (0, 1) be a Lipschitz curve, I C [0, 1] be an interval, u € S?~!, and
0 > 0. We say that vy is 0-flat in direction u around I if for all t,t, € [0, 1] with dist(#;, I) < L£([), it
holds that

ly (1) —y(t2) = (t1 —t2)ull < 6t1 — 1] . (3.2)

There are many cases when we do not need to keep information about the vector u. Thus we will often
write simply that y is 6-flat around / to signify that y is 6-flat around 7 in some direction u € S9!

Remark 3.4. Condition (3.2) is equivalent to the following: there exists w;, ,, € RY with ||w,1,,2H <1
such that

y(t1) = y(t2) = (t1 = t2) (U + Owy, ). (3.3)

Remark 3.5. It is not important whether the interval / in the definition of #-flatness is open or closed:
for I = (a, b) and I, = [a, b], the values of £(/;) and the sets of # € [0, 1] such that dist(¢, 1;) < £(1})
are the same.

Trivially, the flatness property passes to sub-intervals.

Notation. Givent € R and 0 > 0, we let
Is(t) :=(t=6,t+9).
Definition 3.6. Letr € R, F C R, and £ > 0. We say that I5(t) is an &-density interval for F if
LI ()\F) <2re for every r € (0, d].

Remark 3.7. Suppose Y C R is open and X C Y has positive measure, and let € > 0. Then for almost
all ¢ € X, there is an e-density interval I5(¢) for X such that I5(¢) C Y. This follows from the Lebesgue
Density theorem; see [16, Corollary 2.14 (1)].

Lemma 3.8. Let y: [0,1] — (0,1)? and E C F C [0, 1] satisfy the hypotheses of Theorem 2.8, and
suppose that vy is affine modulo F. Then for every interval (a,b) C [0, 1] for which (a,b) N F +# 0
and 0 € (0, 1), there exist u € S~! and an open interval I C (a, b) such that y is 6-flat in direction u
around I and INF # 0.

Proof. Let (a,b) C [0, 1] with (a,b) N F # (. Choose a set {uy} of unit vectors, dense in the unit
sphere S¢7!, and consider a family of sets

Ex.m =A{r € la,b]: ||w —uk” <@ forallse [a,b]withO < |s—r|<1/m}. (3.4)

Note that each Ey ;, is closed and Uy, Ex,m 2 E N [a, b].

Since E N [a, b] is relatively residual in F N [a, b], there is a pair (k, m) and a non-degenerate open
interval J C (a,b) such that Ex ,, 2 JNF # 0. Let u = ug, t € J N F, and choose A > 0 small
enough that /5 () € J. Let 0 < 6 < min(1/(6m), A/3). We show I := I5(¢) fulfils the assertions of the
lemma. Since r € I N F, we have I N F # (. We now verify the flatness of y around 7 in direction u.
Let 1,1, € [0, 1] be such that dist(¢;,I) < £L(I) = 26. Then |t] — ;| < 66 < 1/m and t{,1t; € I5(t). If
t) € F,thenty € IAN(t)NF CJNF C Eg . Hence (3.2) is satisfied. Assume now ¢ ¢ F, and consider
the decomposition of I35(¢) \ F into the union of countably many disjoint open intervals V,, = (an, by,).
We therefore have that #; € V,, for some n > 1. If t, € V,, too, then the affineness of y on V,, and the fact
that the endpoints of V,, belong to I35(1) N F € J N F C Ey , imply that (3.2) is satisfied. If , ¢ V,,,
then as t, € I35(¢) and V,, C I35(t), we conclude that both |a,, — t;| and |b,, —t;| for i = 1,2 are less
than 66 < 1/m. Hence, using a,, b, € I35(t) N F € JNF C Ey ;,,, we may write inequality (3.4) with

1> and endpoints of V,, to get (3.2) for #1, 1;. m]
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Notation. Suppose y: [0,1] — (0,1)¢ is a 1-Lipschitz curve, I C [0,1] is an interval, P C I
is finite, and f: [0,1]¢ — R is Lipschitz. Let o, > 0, and consider the set Y, ;p = {y €
[0, 1]¢: dist(y, y(I)) = o} U y(P). Denote

@, r1poc(x)= inf (FO)+Tlx=yl),  xe[01]9 3.5)
y€Ys 1P

and call @, 7 p o2 [0,1]9 = R a conical function. If @ € (0, 1) is a parameter and 7 > 1 — @, we
call ®, ¢ 1 p o - an a-conical function.

Lemma 3.9. Letr f: [0,1]¢ — R be a Lipschitz function, ® # Y C [0,1]%, and v > Lip(f). Then the
conical function ®(x) = infyey (f(y) + 7 ||x — y||) is T-Lipschitz, and ®(x) = f(x) forx €Y.

Proof. For any y € Y and any x € [0,1]¢, we have f(y) — f(x) > —Lip(f) |lx — y||, implying
fO) +7llx =yl = f(x)+ (r =Lip(f)) llx = yll = f(x), which means, for all x € [0, 1]¢,

D(x) = f(x).

In particular, the values of ® are finite. As for each y € Y, the function

ey(x) = f(y) +7llx -yl (3.6)

is 7-Lipschitz, and we conclude that ® is 7-Lipschitz, too. Note that additionally, for x € Y, it trivially
holds that ®(x) < ¢, (x) = f(x). Thus® = fonY. O

Lemma 3.10. Lety: [0,1] — (0, 1)? be a 1-Lipschitz curve that is 8-flat around an interval I C [0, 1]
in direction u € S, where 6 € (0,1/3). Let ¢ > 0 and f: [0,1]¢ — R be a Lipschitz function with
Lip(f) < 1. Then for every a € (0, 1) there is an a-conical function, which we denote by f. 1, and a
closed, null set N = Ny o1 C I with the following properties:

(i) Lip(fe.r) < Land ||for = f]|, < &
(ii) Thereis T € (1 — a, 1) such that for every component J of I \ N there is p = pj € N such that

fea(x) = f(y(p)) +7llx —y(p)ll forallx € y(J)

and the function f j is continuously differentiable on an open neighbourhood Uy (y(J)) of y(J)
with
x—y(p)

VIt O) = T o

forallx € Ug (y(J)). 3.7

Remark. Note that the conical function f¢; and associated set Ny o ; given by the conclusion of
Lemma 3.10 depend on the value of 7 and the curve . Since we will only ever consider conical
functions with respect to a single fixed curve y, we suppress this dependency on v in the notation. The
value of T will eventually be important for us, but we suppress it for now to keep the notation tidier.

Proof of Lemma 3.10. Setn = %, o = £, fix any finite n-net P of /, and let

TE (max{%,l—a},l) (3.8)

be arbitrary. We define f¢ ; as the conical function @, 7 p o of (3.5). We will show that part
(i) holds without further restriction on 7, and that part (ii) holds with a suitable additional condition

onT.
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10 Michael Dymond and Olga Maleva

By Lemma 3.9, the function f, ; has Lipschitz constant less than or equal to 7 < 1. If x € R is
such that dist(x, y(I)) < o, find y € y(P) with ||x — y|| < o +Lip(y)n < o +n; then by Lemma 3.9, it
follows that f- 1 (y) = f(y), so that

e &
[fout @) = £ < ot @) = foa G +1£0) = f@] < (r+ Do +) <27 = 2.
Hence, again using Lemma 3.9, we get ||f8,1 - f||oo < g, completing (i) for all 7 satisfying (3.8).

We now determine an additional mild restriction on 7 satisfying (3.8), under which part (ii) is
valid. Note first that (3.8) implies n < m%;p(f)), from which it follows that o = § > %.
Consider any x,y € R such that dist(x,y(I)) < n and dist(y,y(I)) > o. Find z € y(P) such that
llx = z|| < 7+ Lip(y)n < 2n. Then, using additionally Lip(f) — 7 < O and ||y — z|| = o, we get

f@)=f)+rllx =zl = 7lx -yl < Lip(f) lly — zll + 275 - T(Ily -zl - 277)
= (Lip(f) = 7) lly — zll + 4mn < (Lip(f) — 7)o + 41 <0,

so that f(y) + 7 |lx — y|| = f(z) + 7 ||x — z||. Using the definition (3.5) of the conical function f. ; =
@, r1,P 0,7, We conclude that

fea(x)= min (f(y)+7|lx—y|), forallx € B(Im(y),n). (3.9
yey(P)

LetT' = {(y,2): v,z € y(P) and y # z} (a finite set). Fix a pair (y,z) € ['; then y = y(p) # z = y(q),
implying p # ¢, and let

My ={tel: f(y)+7lly(®) =yl =f(2)+7ly) -z}

Each M, . is a closed subset of /. Note that the set Sy, . of solutions ¢ € I of ||y(¢) — y|| = |ly(¢) — z|
cannot contain more than one point. Indeed, if 11, 1, € S, , are distinct, then, as both y(¢;) are equidistant
from y and z, we get that y(¢;) —y(¢2) is orthogonal to y — z = y(p) — y(q). Hence, applying (3.3) with
llull = 1 and 6 to y (1) — y(22) and y(p) — y(q), we get

(t1 —02)(p = QU+ 0wy, gy, u+0wp 4) =0,

which is impossible as #1 # t2, p # ¢, and 36 € (0, 1). Finally, use that for 7y # 1, the sets M, ; -, \ Sy ;
and M, ; -, \ Sy, . are disjoint to conclude, as M, , . C [ for all 7, that there is a countable set T, , of
such 7, satisfying (3.8), for which the Lebesgue measure of My ; - is positive. Let T = Uy z)er Ty.-
This is a countable set. In addition to (3.8), we now prescribe that 7 lies outside of the countable set T
LetN =Ny o1 := PU U(y’z) er My - . Then N is anull, closed subset of /. Recall that the function f ;
is given on Im(7y) by (3.9). By the Intermediate Value Theorem, for any two points x; = y(t;) € y(I),
ti € 1,i =1,2 and #; < fp, for which the minimum in the formula (3.9) for f. ;(x;) is attained at
different y = y; € y(P), i = 1,2, there has to be a point t3 € [t1,1;] with 13 € My, ,, - C N. Therefore,
the first assertion of (ii) is valid.
For the second assertion of (ii), it remains to note that the set

C= U {xeRY: f) +7lx =yl = f(2) +7llx —zll}

(y,2)el’

is closed, and for each open component J of I \ N, there exists an open component Us (y(J)) of
B(Im(y),n) \ C that contains y(J). Thus, fe ; |Uf = %(,,J)|Uf (y(s))+ and (3.7) holds. O

Downloaded from https://www.cambridge.org/core. IP address: 2.25.82.162, on 16 Nov 2020 at 13:42:38, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.45


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.45
https://www.cambridge.org/core

Forum of Mathematics, Sigma 11

Lemma 3.11. Lety: [0, 1] — (0, 1)4 be a 1-Lipschitz curve that is O-flat around an interval Ry [0, 1]

in direction u € S, where 6 € (0,1/3). Let (a,b) C Ro, g € Ry \ (a,b), andr € R, T > 0, and let
h: [0,1]9 = R be a Lipschitz function with

h(x) =r+7|x=y(qll forxe{y(a),y(D)}
Then

|(h oy)|Z -7(b —a)‘ <30t(b-a) ifgq<a<b, and

|((ho)l, - r(a-b)| <30r(b-a) ifasbsq

where (h oY), = (h o y)(b) = (hoy)(a).

Proof. In what follows, we adopt the notation of Remark 3.4 and, in particular, make use of the identity
(3.3) for points ¢, € Ry. Observe that

y(a)-y(q) =(a-qu+6(a—-q)wsy and
YD) —v(q) =y(a) —y(q) +(b-a)u+8(b—-a)wp,
=(b-qu+0(b- Q)Wa,q +60(b - a)(Wb,a - Wa,q)'

Hence

ly(a) = y(@)ll = la — gl ||ju+6wa 4| and

1Y (5) =7 (@l = 16— gl u + 6w | < 2605~ a).
Hence, if ¢ < a < b, then

((hoy)> = 7(b-a)|

(ly(®) =y(@l = lly(a) = y(ll) = (b - a)|

=7

= fly®) = (@Il - (@~ g) |u+ 6] - (0 - )
= llly(0) = Y@l = (b = @) i+ O g | + (b = @) e+ warg | - (5 - )
<20t(b-a)+71(b- a))“u + 9wa,q|| - 1) <3607t(b - a).

Ifa < b < g, then

|(hoy)2 —7(a-b)|
=7|(ly(®) =y @Il - Iy (@) - ¥(@) - (a - b)|
=llly®) = y@l - (g - @) u+ Owag ]| - (a =)
=l (5) = ¥(@)]l = (g = ) i+ O + (@ = b) [+ 0w g - (a = D)
<207(b - @) +7(b - a)|[u+ Owa ]| - 1] < 3075 - a).
[m}

Downloaded from https://www.cambridge.org/core. IP address: 2.25.82.162, on 16 Nov 2020 at 13:42:38, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.45


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.45
https://www.cambridge.org/core

12 Michael Dymond and Olga Maleva

Lemma 3.12. If f: [a, b] — Ris a Lipschitz function; N C [a, b] is a closed, null set; and (a,b) \ N =
s, (@n, by) is a union of disjoint, open components; then f(b) — f(a) = X1 (f(bn) — f(an)).

Proof. Observe that

b by
) -s@= [ o=y, [ rwde= Y (1o - @)

n>1Y9n n>1

O

Lemma 3.13. Let y: [0,1] — (0,1)? and E C F C [0, 1] satisfy the hypotheses of Theorem 2.8, and
suppose that vy is affine modulo F. Suppose f € Lip, ([0, 1]9) is such that Lip(f) < 1. Assume an open
set U C [0, 1] such that U N F is dense in F is given, 0 < 8’ < 6 < 1/2503, and & € (0, 1). Suppose
R C Ry C [0, 1] are open intervals such that vy is 0-flat around Ry and RN F # 0. Suppose further that
fe,R, IS a 0-conical function given by Lemma 3.10.

Then there is an open interval Ry € R N\ U such that vy is 6'-flat around R, and the following statement
holds:

Approximation property 3.13a: Let g € Lip, ([0, 1]¢) with

Lip(g) < 1 and g = fe.roll., < OL(R1)/4, (3.10)

g’ € (0,0L(R1)/4) and g o R, be a 0’-conical function given by Lemma 3.10. Then there exists an open
interval V such that

(i) VCRy. L(V)<L(R)/2 and VN F #0;
(ii) g R, is continuously differentiable on an open neighbourhood of y(V); for points x from this
neighbourhood its gradient Vg o g, (x) is given by the formula (3.7) witht € (1-6’,1) and p € R;.
(iii) Foreveryt €V and s € [0, 1] it holds

|(fe.ro(Y(8)) = fo.ro (¥ (1)) = (8er.r, (¥(5)) = ger.ry (¥ (1)))| < 20" |5 —1]. (3.11)

Proof. Consider the closed, null set N = N¢ o g, € Ro defined by Lemma 3.10 for the function f g, .
Since L(N) =0, RN F # 0 and F has every portion of positive measure, we have RN F ¢ N. Hence,
we may choose one open component Jy of Ry \ N for which JyN RN F # 0. As U N F is dense in
F and Jy N R is open, we conclude U N Jo N R N F # (. Find then an open interval J' C JyN RN U
such that J' N F # (. Apply Lemma 3.8 to get an open interval J” C J’ such that y is ’-flat around
J” and J” N F # 0. By Remark 3.7, find a 8-density interval I (#o) for F such that I (fg) € J”. Let
Ry = Iz (tp). Then, using Remark 3.5 for the latter statement, we get that

RicJ'CcJ CcJhyNRNUCRNU and vy is@ -flat around R;.

Note that all assertions of the lemma for the interval Ry, apart from those contained in the Approximation
property 3.13a, are already verified. We turn our attention to proving 3.13a (i)—(iii).
Let g € Lip, ([0, 1]9) be given according to (3.10), and let

& € (0,0L(Ry)/4). (3.12)

Let go/ r, be a 6’-conical function given by the hypothesis of 3.13a and N’ = N, o r, be the corre-
sponding closed null set, as given by Lemma 3.10. For brevity, denote f = feroand § = 8o/ R,

As Ry € Jo € Ry \ N, there is, by Lemma 3.10 (ii), a point p € N C Ry \ R; and a constant
7 € (1 —6,1) satisfying the formula f(x) = f(y(p)) + 7 |lx — y(p)|| for each x € y(R;) € y(Jo).
Note that p ¢ R; allows us, without loss of generality, to assume that p is to the left of the interval
Ry. Let Uy (y(Jo)) be the open neighbourhood of y(Jo) guaranteed by Lemma 3.10 (ii) such that fis
continuously differentiable on Uy (y(Jp)).
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Consider all open components C of R; \ N’, and enumerate them as C,, = (ay, b,,). We will assume
the more complicated case when there are infinitely many such components so that every natural number
n is assigned bijectively to a component C,,. Then Lemma 3.10 (ii) similarly provides p,, € N’ C R,
and 77 € (1 —6’, 1), with respect to which g(x) = g(y(pn)) + 7" |lx — y(py,)] for all x € y(C,). Let
U, (y(C,)) be the open neighbourhood of y(C,,) such that § is continuously differentiable on U, (y(Cy)).

Hence, foreachn > 1,

Wy = Uy (y(Jo)) NUg (¥(Cn)) (3.13)

is an open neighbourhood of y(C,,) such that both f lw,, and g|w, are continuously differentiable, so that
forevery € R; \ N’, the gradients V £ (y (7)) and Vg (y(¢)) are well-defined. Moreover, for every n > 1,
the functions f1,(c,) and &, (c,) satisfy the conditions of Lemma 3.11 for 4. The only difference will
be that for all n > 1, the functions f |y (C) will use the same g = p € N, whilst the functions g 2(C)
may use different ¢ = p,, € N’. Moreover, by our assumption, we have that p < a,, < b,, foranyn > 1,
but we may have p, < a, < b,, forsomen > 1 and a, < b, < p, for others. Let

G={n>1:p,<a,<b,}, G= U(an,bn) (good sets),
neG

B={n>1:a,<b,<p,}, B= U(an,bn) (bad sets),

neb

(3.14)

and note for future reference that GUB =NandGUB =J,,»1 C, =R \ N’.
Write R; = (a, b), and denote by u € S¢~! the vector such that y is #-flat around Ry in direction u.
Consider the following sets:

Xo=N"U{a,b},

Xy ={r € Ri\ Xo: (VS (r(1),u) = (VE(y(1)),w)] 2 6'7},
X, ={te El \(XoUX)):3As e El \ {¢} such that

[(For(s)) = Fr (1)) = (@(x(5)) = 2(y(1)))] = 26" |s =11} (3.15)

We now show that the union X U X; U X> is closed. As an intermediate step, we first prove that Xy U X;
is closed. To see this, recall that for each n > 1, we have that both f and g are continuously differentiable
on y(Cp) C Uy (y(Jo)) N Ug(y(Cy)). Therefore, X; intersects each C,, in a relatively closed set: that
is, there is a closed set K,, € R; such that X; N C, = K, N C,,. Hence, X; = Uy (K N Cp). Let
(#;);2, be a sequence in X; U Xo = Xo U Uy (KnNCy) such that t; — ¢ € R;. We need to to
verify that t € X; U Xo. We distinguish two cases: if there exists ny € N such that t € C,,, then
there is mo € N such that #; € (X; U Xo) N Cpy = Ky, N Cy, for all i > my. Since K, is closed,
we conclude that ¢ = lim¢#; € Kj,. Hence t € K,,; N Cy,, € X;. In the remaining case, we have that
te€ R\ U:,o=1 C, € Xp.

Now we proceed to show that Xy U X U X> is closed. Given that X, U X is closed, it suffices to check
that the limit of any convergent sequence in X, belongs to Xo U X; U X;. Let (#;);°, be a convergent
sequence in X, with limit ¢ € R;. For each i € N, we may choose s; € Ry, witnessing that #; € Xp;
and, by passing to a subsequence if necessary, we may assume that the sequence (s;);2; converges to
a point s € Ry. We distinguish two cases: if s # ¢, then taking limits as i — oo in (3.15) for s; and ¢;
implies # € X,. Assume now s =t ¢ Xo. Then there exists np > 1 such that s =t € C,,, and #;, 5; €

C,, € R, for all i sufficiently large, say i > mg. Recall that y is §-flat around Ry 2 R; in direction u.
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14 Michael Dymond and Olga Maleva

Thus,

‘f(?’(si)) - f0@)  fO) +ulsi—0) = F(y(1:)
— 1 Si — 1
y(si) = (y (1) +ulsi — 1
S; — ;

<Lip(f) '

and, similarly,

‘g(y(sz')) —8(y(1) Sy (1) +ulsi — 1)) — 8(y (&
S; —t; S; — t;

Hence from (3.15), we get, for all i > my,

(@) +ulsi —1)) = (1)) @y(t:) +ulsi = 1)) = 2(y(1:)))

S; — S; —t;

>20'3-20. (3.16)

For each i € N, we let

vi(f) = Fly(t) +ulsi = 1)) = F(y(t)) = (si = t)(VF (v (1)), u)
vi(h)

and define v;(8) similarly. Note that lim ——— = 0 for & = £, §. To see this, denote
i—eo §; —1;
h(y()+pu)=h(y(r)) _ (Vh(y(r),u), ifp#0;
Dp(r,p) = . .
0, if p =0,

for r € Cp, and p € R, where, for the purposes of this formula, we extend the functions # = 8
arbitrarily outside of [0, 1]¢. We now show that the two functions D #+Dg: CpyXR — Rare continuous
at the points (r,0). Let ro € Cy,; choose positive 5o and pp small enough that I>5,(r9) € C,, and
B(y(15,(r0)). po) S Wy,, where W,,;, 2 y(Cy,) is the open set defined by (3.13) on which both f
and g are continuously differentiable. Then, given r € I5,(ro) and |p| < po, we have that the segment
[v(r),v(r)+pu] is contained in W,,,. Therefore, V4 is well-defined (and continuous) along this segment,
and we may apply the Mean Value Theorem to write

Dy(r,p) = (Vh(y(r) + nppu),u)y — (Vh(y(r)),u) for some 1, € (0, 1).

Since r € 15,(ro) and |p| < po were arbitrary, we may letr — rg and p — 0 in the formula above. Using
the continuity of Vi in Wy, we get lim,_, ) o0 Dx (7, p) = Dj(ro,0) = 0, verifying the continuity of

Dy, at (rg, 0) and, in particular vl _ =D (ti,si —t;) — Oand V’(g) =Dg(ti,si —1;) — 0.

> oSt

After substituting v;( f) and v; () into (3.16) and choosing m; > m large enough that 1 <0/2

for both i = £, g and i > m,, we derive

vi(Hl i)

lsi —t;|  [si —til

KV F(r (), u) = (VE(y (1), w)] = 26" - 26 - >20'3% -3¢ > ¢'3

for all i > m;. Letting i — oo in the above, and using that both f and # are continuously differentiable
on y(Cp,), by Lemma 3.10 (ii), we prove that ¢ € X;. This finishes the proof that Xy U X; U X; is closed.
We will now find an upper bound for the Lebesgue measure of Xy U X; U X, C R, showing that it

is much smaller than £(R;); see (3.30) for the precise bound. It is clear that £(Xy) = 0; let us proceed
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to get estimates of the Lebesgue measure of X; and X;. Recall the definition (3.14) of the sets G and B
and the notation introduced in Lemma 3.11. We assert that

(foy-goy||<76(by—ay). ifned,

. b (3.17)
(foy—gon| 2 (bu—an.  ifneB.

Indeed, recall that C,, = (a,, by,) is an open component of Ry \ N’ C Ry \ N, y is 6-flat around R,

p.Pn € R\ Cy,, and both f and ¢ have the special form of Lemma 3.10 (ii) on y(C,) with respect to

the points p and p, and scalars 7 € (1 —6,1) and 77 € (1 — 6’, 1), respectively. Therefore, we may

apply Lemma 3.11 to get

|(fo y)|Z" —7(bp —an)| < 30t(b,, —a,) <360(b, —an), neN,

A bn- ’
(&o 7)|an = 7'(bn — an)

<367’ (b, —an) < 30(b, —a,), neG,

<30t (b, —a,) < 30(b, —a,), neB.

A bn 7’
@ oV~ (an —by)

This immediately implies the first inequality of (3.17): as both f and § are #-conical, we have |7/ — 7| < 6
and 7/ + 7 > 2 — 26. Hence, for any n € G

[(Foy-goml

< |7 =] (bp = an) +60(by — an) < 70(by - ay).

To see the second inequality of (3.17), we note that if n € B, then

|(Foy=gomllt = (c+7) (b —an)| < 605w - ay).

Hence (foy—goy)|"" 2 (t+7" = 60)(by—an) > by —ay, using 7/ +7—60 > 286 and 6 < 1/10,
Using Lemma 3.12, BU G =N, and (3.17), we deduce

(foy—gonli=> (Foy=goni+ > (foy—gon|r 2> (foy-goy|i +L(B),
neG neB neG

where B is defined along with G in (3.14). Note that the absolute value of the first summand can be
estimated using (3.17) as

D(foy-goy|r

neG

<760 Z(bn —ay) =705(G) < T0L(R)).
neG

In addition, using § = g r,, Lemma 3.10 (i), (3.10), and (3.12), we get
17~ 2ll < 18— gl +lg = ll, < & +0L(R1)/4 < 6L(R))/2. (3.18)
Hence |(f oy—go y)|Z| < 0L(R;), and we conclude that

L£(B) < 0L(Ry) +70L(Ry) = 80L(R)). (3.19)

We now show that for € C,, with n € G, the gradients V f(y(¢)) and V(y(¢)) differ in norm by
less than the threshold 6'/3 defining the set X ; see (3.25). This will imply X; € BU N’ U {a, b} so that

L£(X1) < L(B) <80L(Ry) < 0'PL(R)). (3.20)
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16 Michael Dymond and Olga Maleva

Indeed, to estimate the norm of the difference between Vf(y(r)) and V§(y(r)), we use (3.7) of
Lemma 3.10 (ii) to write, forx = y(¢) € y(C,) and p’ = py,

-yl = Y@l
-y(p) x-v(p) ” (321)

[Va(r(8) = VG ()] =

-y(p) x—y(p) H

e =yl llx =y ()l

<|t'-7|+7

x—y(p)  x-y(p) H
<l Tyl
Let
vi=x—y(p)=vy(@)—-y(p’) and vy =x-7y(p)=vy(1)—y(p). (3.22)

Note that as n € G and ¢ € (ay, b,), we have t > p’. Note also that p < p’ as p is to the left of R,
and p’ € N' = Ng o g, C Ry. As vy is 6-flat in direction u around Ry, we get, using the notation of
Remark 3.4, for p < p’ <t,

=(t—p")(u+060w; p); hence ||vill = (t — p')qs,pr With g; pr € (1 —6,1+86), (3.23)
va = (t — p)(u+0w; p); hence ||val = (t - p)g;,p with g, , € (1 -6,1+86). (3.24)

Therefore, we have

Vi u+0w; 12 u+0w; ,
llvill qrp 2l qr.p
Note that both —— and are at least 1— > 1 — 6 and are at most % <1+20<2 a6 <1/2.
qt.p q N +0 1-6

Hence |# — L | < 30, and their sum is at most 4, so that
qr,p’ qt.p
1 1 1
TR I el R e
(vl IIV2|| qr.p' qt p qr.p’ qr.p
1
< - —|+46 < 76.
qt.p’  4t.p
Together with (3.21), this gives
2 A Vi 1%}
VA @) = Vaty)|| < 6 +||— <80 <93 (3.25)
vl flvall

Having verified the bound (3.20) on the measure of X, we turn our attention to X,. Let ?(t) = (foy)(r)
and g(¢) := (g o y)(¢). Then (3.25) and Lip(y) < 1 imply

/ (7’(s) —g’(s)) ds < 86L(G) < 86(b — a). (3.26)
G

Consider the following variant of the uncentred Hardy-Littlewood maximal function My (see [10]),
defined for Lebesgue measurable ¢: R — R such that ¢ € LIOC(R):

Me(1) = sup le(r)| dr.
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We will use that for any ¢ > 1, the maximal function satisfies the following inequality, which follows
from [10, Theorem 21.76]:

/(Mgo(t))” dr < 2( ) /|<,0(t)|q dt. (3.27)
We will use this inequality with ¢ =2 and ¢ € LllOC (R) defined by ¢ := (7 —g")xr,, which trivially

satisfies
|o(r)| < 2 for almost all r € R. (3.28)

Letf € X, C Ry, and choose s according to (3.15). Then [s,7] C Ry, so that the equality <p|[s =

/ o(r)dr
[s,]

/[ T gy

~ 8|y, holds in L', implying

Mo(1) 2 le(Nl dr z —

Is — 2] Jis. s — 1

- — |t
- —‘(f gt)||s > 20'/3,
-

st

where the last inequality comes from (3.15) for s and ¢. Since ¢ € X, was arbitrary, we use (3.27) with
q =2 to derive

5L (X) < | /R (Mg (s)) ds < 2 /R lo(s) ds < 4 /R lo(s)] ds = 4 /R lo(s)] ds

(3.29)
= 4/ lo(s)] ds+4/ lo(s)| ds < 8L(B) +320(b—a) <960(b —a).
B G
Here we also used (3.28) for all s € R, followed by (3.26) and (3.19). Hence
L£(X) <960'3L(R)).
Together with (3.20), this implies
L£(Xo U X1 UXp) < 1000'3L(Ry). (3.30)

Recall that Ry = Iz(tg) = (to — A,to + A) is a 6-density interval for F and that # < 1/250°, which
implies 1 — 6 > 2400'/3. Then for R| = Ix;(to) = (to — A/2,19 + A/2), it holds that the open
set V/' = R} \ (Xo U X1 U X) is of measure bounded below by L(R]) — 10063 L(R;), whereas
L(RINF) > (1-0)L(R})) =%(1-6)L(Ry) > 1000'/3L(Ry). This implies that V' N F # 0. Choose
an open interval V such that V C V" and V N F # 0. Using that F has every portion of positive measure
and N’ C R; is a closed set of measure zero, we deduce that there is an open interval V C V' \ N’
with V.N F # 0. Part (ii) of the Approximation property 3.13a now follows from V C R; \ N’ and
Lemma 3.10 (ii). .

We also have V C R € Ry and £(V) < L(R]) = L(R1)/2. Now all assertions of part (i) of the
Approximation property 3.13a are established.

To check its remaining part (iii) and (3.11), we can immediately see that forany 7 € V. C Ry \ (Xo U
X1 UXy) and s € Ry, we have (3.11); see (3.15) and the definition of X,. If r € V and s € [0, 1] \ R;.
Then t € V C R{ implies |s —t| > L£(R;)/4. Therefore, using ||f— g“w < 6L(R;)/2 from (3.18),
we get

[(Fr(s)) = Fr (1)) = (2(x(5)) = 2(y(1)))] < OL(R1) <465 — 1] < 26" |5 —1].
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We will prove Theorem 2.8 using the Banach-Mazur game. We presently state a short description of
the Banach-Mazur game; for more details, see [11].

Definition 3.14. Let X be a non-empty topological space and S C X its subset, which we refer to
as a target set. We define the Banach-Mazur game G g (S) on X as follows. Players I and II choose
alternatively non-empty open sets G; (choices of Player I) and H; (choices of Player II) such that
Gy 2 Hy 2 G4 for each k > 1, and Player 11 is declared the winner if () Hx C S.

The main result of the Banach-Mazur game that will be useful to us is the following theorem; see
[11, Theorem 8.33].

Theorem 3.15. Let X be a non-empty topological space. Then S C X is residual in X if and only if
Player Il has a winning strategy in G gpr(S).

We may immediately observe that in the case of metric spaces, with topology defined by the metric,
we may check the residuality of S in a slightly easier way.

Theorem 3.16. Let X be a non-empty metric space. If Player Il has a winning strategy in G g, paiis (S),
the Banach-Mazur game with the restriction that both players may supply only non-empty, open balls
as their choices of open sets, then S is residual in X.

Proof. We show that Player II has a winning strategy in G g (S). Assume Player I supplies non-empty
open sets G. For each k > 1, Player II picks ¢ € Gy and finds r; > O such that B(gg,rr) € Gk,
then gives a response Hy = B(y, pk), via their strategy in G gz pais t0 B(¢k, rk). Note that Hy is
an open set and Hy C Gy, so the sequence of open sets (G, Hy) satisfies Definition 3.14. Moreover,
since Player II’s winning strategy in G gas pans(S) guarantees that () Hx C S, it also provides a winning
strategy for Player Il in G g (S). By Theorem 3.15, this implies that S is residual in X. O

Another simple fact we will need is the following lemma, in which C'(H) denotes the set of
continuous functions ¢: [0, 1]¢ — R for which ¢l(z) is C'.

Lemma 3.17. Let f: [0,1]¢ — R be a Lipschitz function with Lip(f) < 1. Then for every & > 0, there
exists g: [0,1]1¢ — R such that Lip(g) < 1 and ||f - gl < &. If, moreover, f € C'(H) for some
H C [0, 1]9, then the function g may also be chosen to be in C' (H).

Proof. If ||f|lo #0,letg =rf, withr € (max(O, 1- m), 1). O

We are now ready to give a proof of Theorem 2.8, the statement of which we repeat here for the
reader’s convenience.

Theorem 2.8. Let 0 # F C [0, 1] be a closed set with every portion of positive measure, and let E be
a relatively residual subset of F. Let y: [0,1] — (0,1)¢ be a Lipschitz curve with Lipschitz constant
1, such that vy is differentiable with derivative of magnitude one at each t € E. Then the set S of those
functions f € Lip, ([0, 1]19) for which there exists t € E such that f is differentiable with derivative of
magnitude one at y(t) is residual in Lip, ([0, 119).

Proof. We prove Theorem 2.8 by describing a winning strategy for Player II in the Banach-Mazur game
G g pans(S) in Lip, ([0, 1]%), in which Player I’s choices are balls B(gy, i) and Player II's choices
are balls B(Yk, pk).

By Lemma 3.2, we may assume that y is affine modulo F. Let (0,1) = Uy 2 U; 2 U;
sequence of open sets such that U, N F is dense in F for each n > 1, and (N, Un) N F
strictly decreasing sequence of positive numbers 6 such that ; < 1/250° and P 9]1! 3
for example, let 6, = 273K /2503. For most of the proof, we will only use that 6; | 0; the convergence
property of the series will be used only at the very end of the proof (see (3.36)). In addition to
defining ¥ € Lip, ([0, 1]¢) and pz > O for each k > 1, Player II also defines the following additional
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objects: sequences of positive numbers &, unit vectors uy, open intervals Iy, J; C [0, 1], and functions

¢p,((1) € Lip, ([0, 1]%). These objects have the following properties, for each k > 1:

(A) Lip(el") < Land ¢" € B(pr, ri/4).

B) Yy = ((plil))gk"]k € Lip, ([0, 1]9) is a Ox-conical function given by Lemma 3.10.

© @) Ik CJk € Ik-1 NUg-1.

(i) Iy C Ix—1,and L(I) < L(Ix-1)/2.
(i) Iy N F + 0.
(iv) 1y is O -flat in direction u; around both Jj and I%.

(D) For k > 2, the function ¢ is continuously differentiable on an open neighbourhood of y(I); for
points x from this neighbourhood, its gradient Vi (x) is given by the right-hand side of (3.7) with
7>1-6;and p € Jy.

(E) For k > 2,

1/3

| (y(s)) =¥ (¥ (1)) = (W1 (¥(5)) = Y1 (D)) < 26,7 |s — 1]

forallz € I and s € [0, 1].
. . 0L (J,
(F) (@) ek € (0,min %, LELN),
(ii) For k > 2, pr—1 < Ox1£(Jx) /4, and B(Yk-1, pr-1) S B(@k-1,7k-1).

Consider Player I's first move B(¢j,r;). Use Lemma 3.17 to find 9051) € B(¢1,r1/4) such that
Lip((pil)) < 1; this establishes (A) for k = 1. Apply Lemma 3.8 with § = 6; to find an open in-
terval J; C [0,1] and u; € S¢! such that y is 6,-flat in direction u; around J; and J; N F # 0.
Let &1 be chosen arbitrarily subject to (Fi) for k = 1, and let ¥ := (gogl))sl, J, be a @1-conical func-
tion given by Lemma 3.10, verifying (B) for k = 1. We declare ¢ as the first function played by
Player I1.

Let I} C J; be an open interval such that I; € (0,1),I;NF # 0,and £(I;) < 1/2. Setting Iy = (0, 1),
we see that all parts of (C) are satisfied with k = 1.

We have thus verified all properties (A)—(F) for k = 1, including (D), (E), and (Fii), for which there
is nothing to verify in the case k = 1.

Let n > 2. On Step n, Player II does the following main actions:

- Defines p,,—1 so that (Fii) is satisfied with k = n.
- Accepts Player I's choice of (¢, r,) such that B(¢;,r,) € B(Wu-1, Pn-1)-
- Defines ¥, € B(n, ).
Let f:= ¢\, U= Up1, 0 := 0,1, 0" := Oy, & := €41, R 1= L1, Ro = Juot, and fo g, = Yot

These objerétsl satisfy the conditions of Lemma 3.13, namely
- Lip(f) <1,by (A)fork =n—1.
- RC Ry, by (Ci)fork=n—1.
- RNF # 0, by (Ciii) for k =n — 1.
- v is 6-flat around Ry, by (Civ) for k =n — 1.
- fe,R, is @ B-conical function given by Lemma 3.10, due to (B) with k =n — 1.

Let

Jp=RICRNU=1,_1NU,— 3.31)

be the open interval given by Lemma 3.13 applied with these settings. This verifies the second inclusion
of (Ci) with k = n.

From (B) with k = n — 1 and Lemma 3.10 (i), it follows that )

by (A) and (Fi) with k = n — 1, we have ¢¥,,-1 € B(¢,-1,7,-1)- Define now a positive number p,,_

arbitrarily so as to establish (Fii) with k = n.
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Assume Player I’s nth move is an open ball B(¢,,,r,) € B(¥n-1,pn-1), and make a choice of &,

and @,(11) € Lip, ([0, 1]9) verifying (Fi) and (A) for k = n, using Lemma 3.17 for the second choice. We
declare ¥, defined according to (B) for k = n, as the nth function of Player II.

We are now ready to apply the Approximation property 3.13a of f. r,. Let g = (,0,(11), g = gy,
and go R, := Y. These objects fit the framework of Lemma 3.13 and satisfy the hypotheses of the

Approximation property 3.13a, namely

- Lip(g) = Lip(¢y,”) < 1by (A) for k = n,
M= ferall = e = wnar]| < pucr < 001 £0 /4 = 0L (R /4,

which derives from ‘10’(11) € B(pn,rn) € B(Wn-1, pn-1), and (Fii) with k = n,
- & €(0,6L(Ry)/4), due to (Fi) for k = n, and
- 8&.R, = ¥y is a 6’-conical function given by Lemma 3.10.

Let

L=V CJ, (3.32)

be the open interval given by the Approximation property 3.13a, applied with the settings above. We
then have that (Civ), (Ciii), (D), the remaining inclusion of (Ci), (Cii), and (E) are satisfied with k = n.
This verifies all properties (A)—(F) for k = n.
Note that (Fii) implies that E(zﬁ”,pn) C B(pn,rn) € B(Yu-1, pn-1) for each n > 2, whilst (Fii) and
0, — 0imply p,, — 0 as n — oo. Hence the intersection of balls B(i,,, p,) is a single function

£ € )BWn.pn) € Lip, ([0.1]%).
n=1

From (Cii), we derive that the intersection of all I, is a single point * € (", I,, C [0, 1]. Moreover,
from (Ciii) and (Cii), it follows that #* is a limit point of F and so ¢* € F. By (Ci), we have t* € I, C U,
for all n. Therefore, t* € F N (,_, U, C E, implying that y’(¢*) exists and ||y’ (t*)|| = 1.

We now show that f is differentiable at y(¢*) in the direction of y’(¢*), and this directional derivative
is equal to 1 or —1. Since f is 1-Lipschitz, this will imply that f is (fully) differentiable at y(*) (see [9,
Corollary 2.6]) and ||V f(y(¢*))|| = 1.

Let € € (0,1/5). Consider any n > 1. From (Civ), we find a sufficiently small §,, > 0 such that for
alls € (I, \ {t*}) N (t* = 8,,, " + 6,), it holds

Iy (s) =y (@) = (s = unll +1ly(s) =y (1) = (s =)' _ 5
s — 2| B

lun =y ()] < 0,.  (3.33)

Notice that the left- and right-hand sides of the above do not depend on s. Hence, 6,, — 0 implies
u, — y'(t*).

By (D), we have that ¥, is continuously differentiable on an open neighbourhood of y(¢*) with
Vi, (y(t%)) given by (3.7) with t =1, > 1 — 6, and p = p,, € J,,. Thus, there is a ¢;, > 0 such that if
0 < |s—1"] <6y, then

Yn(y(r) + (s —st_)tL:n) —Ya(y(@)) Vi ()t
Un (Y(t) + (s = un)) = ¥a(y () ( y(t*) = y(pn)
s—1 My @) =y (pa)l
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Also, using (Civ), we get for all s € I, \ {t*},

Un(¥(5)) =¥ (¥ (1) + (s = ")un)

s —t*

< Lip(n)bn < 6.

Letn; > 1 be such that 8,, < &/4 and letn > n;. Then

Un(y(s)) = (¥ () _ ( Y (") = y(pn)
5=t My @) =y (pa)ll

)| < & (3.34)

forse (t*-6,,t"+6,) NI, \ {t'} and 7, p,, as above.
Recall that u,, — y’(¢*) by (3.33)and 7,, = 1 — 6,,, so 1, — 1. Note also that p,,,t* € J, C I,,_; for
every n, by (Ci), and £(I,,) — 0 from (Cii). This implies |p, — t*| — 0, and we deduce that

( () —v(pn)

— 1k TRV — 1k 2=
@ =7l @),y @) =1y )" =1.

lim

n—oo

Tn L Un)

Thus, there is ny > n; such that for each n > n», there is o, € {—1, +1} with

y(*) = y(pn)

) =yl

JUpy — ol < .

However, (E) and (3.34) imply that for n > ny,

( y(&) —y(pa-1)
lly(#*) = y(pu-DIl

y(&) —v(pn)
ly () = y(p)ll°

1/3
n-1°

<2e+26

n—1 JUn-1) = Tn{ Upn)

Therefore, choosing n3 > nj so that 6,, < 1/1000, we get that for all n > n3,

1/3

o < L.

|01 — o| < 4e+260

Hence the sign o, of 7,,( ”7(’*>—7(pn)

INGEICNL uy) does not change for n > ns, and so

Jim 7,( y(*) —y(pn) )

n—co ly () = y(pa)ll

exists and is equal to 1 or —1. Assume, without loss of generality, that

y(*) —y(pn)

lim 7,,( Jun) =1,
n=oo My () =y ()l
and choose n4 > n3 so that
t*) — n
(O Y)Y (3.35)
ly (@) =y (pa)ll

for all n > n4, and Z 0,1/3 <eg/2.Letn > ngand s € [0,1] \ {¢*}. We claim that

n=ny

0y = [LYD) = FOE) Yuly(s) —¥u )] (3.36)

— 1% — 1*
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Indeed, using ||¥x — flle — 0, (E), and (Fi), we get

ansz SZ26,1</3<£.
k=n k=n
Hence, whenever 0 < |s — ¢*| < §;,, we have, using (3.34), (3.35), and (3.36), that

fOG) - @)

s —t*

Uit (¥ () =it (Y (7)) Y (y(s)) — e (¥ (7))

s —t* s —t*

< 3e.

Thus, f o vy is differentiable at t* with (f o y)’(¢*) = 1. Since v is also differentiable with derivative of
magnitude one at t* € E, it follows that f is differentiable with derivative of magnitude one at y(¢*);
thus f € S, so Player II wins. O

Remark 3.18. The proof of Theorem 2.8 given above may be slightly modified to obtain a proof of
the stronger statement referred to in Remark 2.9: namely, that in the setting of Theorem 2.8, a typical
function f € Lip, ([0, 1]¢) is differentiable with derivative of magnitude one at y(¢) for typical t € F.
We describe the necessary additional details:

Firstly, we modify the proof of Theorem 2.8 to show that the set of pairs

Sx ={(f,t) : f € Lip;([O, 119),1 € F, f is differentiable at y (1), ||V £ (y(2))|| = 1}

is residual in Lip; ([0, 1]¢) x F. For this, we define the Banach-Mazur game in Lip, ([0, 1]¢) x F, where
on each turn, each of the two players supplies a direct product of an open ball around a 1-Lipschitz
function and an open interval with non-empty intersection with F. Assuming that Player I supplies
B(fy,rn) X G, on their nth turn, define J,, C I,,-1 N U,—; N G, (compare with (3.31)). Then the reply
B(Yn, pn) X I, from Player II will guarantee that Player II wins the game in Lip, ([0, 1]¢) x F with
target Sx (here, I, is defined by (3.32)).

Having established that Sy is residual in Lip, ([0, 1]¢) X F, by Theorem 3.15, it only remains to apply
the Kuratowski-Ulam theorem (see, for example, [11, Theorem 8.41 (iii)]). As E is a relatively residual
subset of F, a typical function f € Lip, ([0, 1]¢) is differentiable with derivative of magnitude one at
v(t) for typical t € E.

4. Curve detection of non-coverable sets
In this section, we prove Theorem 2.11.

Notation and convention. We introduce some notation designed for L mappings ¢: I — R?, where
I C Ris a closed interval. In what follows, ¢ will be either a C'-smooth or a Lipschitz mapping or the
derivative of such. We use the notation /(¢) to denote its domain I and Im(¢) to denote the set of all
its values, Im(¢) = ¢(I(¢)) = ¢(I).

For a subset U C I, we consider the quantity

oscy, (U) :=esssup {|lo(s) — ()| : 5,1 € U}, 4.1

which corresponds to the oscillation of ¢ on the set U.

Recall that we call a Lipschitz or a C'-smooth mapping y: I — R¢ a curve if the magnitude of
its derivative is bounded away from zero almost everywhere. Moreover, given a C!-smooth mapping
y: I — R defined on a closed interval I, we interpret the derivative y’ at the endpoints of I as the
one-sided derivative so that y’ is a well-defined mapping I — R¥.

Given sets #,U C RY with U open, we define I'zz (U) as the collection of all C'-smooth curves
y: I — R with £L(y~' (%)) > 0 and Im(y) C U.
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We let 6: R? \ {0} — S4! denote standard spherical projection

0(x) = —,  xeRI\{0}.
[lx]]
Definition 4.1. For each n > 1, consider the set D,, of (n — 1)-tuples 8 = (iy,...,iy—1), where each
i; € Nsatisfies 1 <i; < 24 The set D should be interpreted as a singleton set containing the empty
sequence Q. For 8 = (iy,...,in-1) € Dy, let|B| = n; and foreachm < n,let 8|, = (i1,...,im-1) € Dum.

Define the order on each D,, according to the lexicographical order, and extend this to an ordering on
U= D, via the following rule: if |8’| < ||, then let 8" < Bif B’ < B|g:| and B’ > 8 otherwise.

For each n > 1, let {Qg}gep, be the standard dyadic partition of [—-1, 1]¢ into 2(*=D9 closed cubes
with side 27"*2, such that Qg C Qp iff |8’| < |B] and Blijg) = B’. Foreach n > 1 and g € Dy, let
Sg = Qp NS 1. Define

T, ={B€D,: IntSg # 0},

where the interior is taken with respect to the subspace topology on S¢~!. Note that for any 8 € T,,, we
have

S/g = U {S,B’: ﬁ/ € Tn+1’ﬁ/|n =ﬁ} >

s = sp.

BET,

and for any n > 1,

In particular, note that S9~! = §¢ = Uger, Sp- Foreach p > 0,n > 1,and g € T,,, we will also denote by

B(Sg, p) the open p-neighbourhood of Sg, considered as a subset of S9-1, with respect to the induced
topology and Euclidean metric ||- — -||, from R¢.

Forl <m <nand B’ €Ty, B €T,, we let

{(B'.B) =max{|lx = yll, : x € Sp, y € Sp}. (4.2)

In this way, (3, §) is the Euclidean diameter of Sz. We note for future reference that {(5, 8) — 0 as
|B] — oo.

For each k € N, we let P, denote the collection of open intervals in [0, 1] with consecutive (k — 1)th
level dyadic endpoints. That is,

iy k-1
Tk.—{(W,F).l—I,Z,...J }

Further, we let Dy denote the set of (k — 1)th-level dyadic numbers in [0, 1]; that is,

. i R k-1 _
@k.—{F.z—O,l,Z,...J }_Ual.
I1€P;

Finally, for a subset Y of [0, 1], we will use the notation Y°°™P to denote its complement, [0, 1] \ Y.
For the reader’s convenience, we repeat the statement to be proved:

Theorem 2.11. Let d > 1 and F C [0,1]¢ be a non-empty, closed set having every portion of
positive cone width. Let o C (0,1)¢ be an analytic set such that of N F is relatively residual in F .
Then there exists a 1-Lipschitz curve y: [0,1] — (0,1)¢ and sets E C F C [0, 1] with the following
properties:

(i) F is non-empty and closed and has every portion of positive measure.
(ii) E is residual in F.
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(iii) vy is differentiable at every point t € E with ||y’ (¢)|| = 1.
(iv) Foreveryt € E, we have

(lsiir%)oscy/([t—é,t+6]) =0.
(v) y(E) c d.

The proof of Theorem 2.11 occupies the entire remainder of the present section and contains several
lemmata, the hypotheses of which should be understood as the current setting in which the statement
appears in the proof. Thus, each such statement refers to objects previously constructed.

By hypothesis, there are open sets 01,0, ... C R? such that for each n € N, the set 0, N F is a
dense subset of & and

gﬂﬁOn cd.
n=1

We may assume that O = R¢ and O,,4; C O, forall n > 1.

Iterative construction. LetL; =c¢; =1 and
Li =Ly +27%, ck = cpo1 = 27K, k> 2. 4.3)

Remark 4.2. Note that 1 < Ly <2 and 1/2 < ¢ < 1 for all k € N. In fact, we could have chosen any
strictly decreasing sequence ¢, and strictly increasing sequence L, with 0 < ¢ = inf,>1 ¢, < c1 =
1 =Ly <sup,.; L, = Le < 0. This would have changed constants in estimates for derivatives of yy
in (A) and (H) below, and hence also in estimates for derivatives of the limit curve y; see Lemma 4.3.
However, a particular choice of ¢, and L, does not affect the strength of the result we prove.

Below, we construct sequences of

- Piecewise C'-smooth, Lipschitz curves vy : [0, 1] — R¥,
- Numbers ag, Ak, rr, pr, ¥r > 0, px €N,

- Sets
Pk Pk
Gr = JGiycl0.1], He=|JHe; <[0,1] (4.4)
j=1 J=1
as finite unions of closed intervals G ; and Hy ;,
- Open sets
P
Uy = U Urj € (0,1)? (4.5)
Jj=1

as finite unions of open sets Uy ;,
- Sets My, Wy C [0, 1] with My finite and Wy 2 M, being a finite union of closed intervals,
- Functions By : Hy — Tk,

such that the following conditions are satisfied for each k > 1:

(A) § <cr < |y (0] < Li <2forallr € [0,1]\ My.
(B) For any interval I € Py, either

k—1 k—1
£ Iny;‘(gmok)mﬂwf"mp >ap or Iny;‘(g)mﬂwf"mpz(o.

i=1 i=1

-1 (g k-1 yyscomp _ —
©) Ifk>2,1€Pr,and Ny, ((F)NNZ W, =0, then yi (¢) = yx—1(¢) forall r € I.
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(D) If k > 2, then
@ llye () = ye-1(ON < g1 /2 forall 7 € [0, 1], and
(ii) ¢ € (0,¢x-1/2).
(E) If £ > 2, then
(@) L({r € [0, 1]: yk(t) # ye-1()}) < 4, and
(i) O<ai < 2_kak_1.
(F) H is the union of finitely many pairwise disjoint, closed intervals Hy ;, j = 1,..., px. These sets
have the following properties:
i) Ifk >2,1 € Py, and y;](g) NnIin ﬂf.:]l W[COmp # 0, then there exists an index j €
{1,..., px} such that Hy;jcl
(i) Hx € NS W™ and L(Hij Ny '(F NOw)) > ay foreach j = 1,..., pi.
(iii) Forall 1 <[ < k, the components of H; and Hy, are either nested or disjoint. More precisely,
foralll e {1,...,k—1},j€{l,...,px},andi € {1,..., p;}, we have

Hp;n Hk’j =0 or Hk,j - Int(Hl,i).

(iv) B(yx(Hrj):¢x) € Ux,j € Oy forall j € {1,..., py}.
(V) Bkln, ; € Tk is constant with value

Bi,j :==min{B € Ty: Iy € Tx(Uy,;) s.t. Im(6(y")) € B(SB,Z_")} .

(vi) Ift € Hy N H; with 1 <[ < k, then B¢ (¢) > B;(¢).
(G) (Throw away sets.)
(i) My =My_ UD U U;’i‘] (0Hk,; UGk j) U Ul’.‘:_ll OW; is a finite set, and the restriction of

¥k to each component of [0, 1]\ My is C'-smooth.
(ii) Wy is a finite union of closed sub-intervals of [0, 1],
My CIntWy U {0, 1} € Wy, and £(Wy) < 2 %ay.
(H) (Convergence of derivatives.)
(i) Ift € [0,1] \ (Hk U My), then ||y (1) -y, _,(1)]| < 27%.
(ii) If k > 2and f € Hy \ My, then |||y, ()] = |ly;_, ®|ll < 27%.
(iii) The mapping t Hy,’( (t)” is constant on each component of [0, 1] \ M.
(iv) If 1 € H \ My, then 6(y; (1)) € B(Sg, (1),275).

Let My = Wy = 0. Use Remark 1.2 to find a C'-smooth curve y;: [0, 1] — (0, 1)? with ||y} (r)|| = 1
forall r € [0, 1] and

@ =L (y;'(g)) > 0.

Choose ¢ > 0 small enough that B(Im(y1), 1) € (0, 1)%. Further, set

pi=ri=pi=di=1, M ={01}, wi=[o. 5 u1-201],
G =Gy =H;=H;;=[0,1], and Ui =Up,; =(0,)? co.

Define 81: Hi — T = {0} as the (only possible) constant function, and set 81,1 = @ € T. Then for
k =1, all conditions (A)—(H) are either trivially satisfied or void.

Assume now that n > 2 and the conditions (A)—(H) are satisfied for k = 1,...,n — 1. The nth step
of the construction proceeds as follows. Indeed, let /,, 1, ..., I, p, be an enumeration of those intervals
I € P, for which y;! (F)nIn N5 W # 0. For each j = 1,...,p,, we nominate a point

12

tnj €y,  (F)NI, ;0 ?:_11 W™ Asty ;€ 1,;N ;’;11 W™ and the latter is an open set, we may
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choose 4,, > 0 sufficiently small that forall j =1,..., p,,

n-1
G = ltng = Anstnj + An) € Lo O W™ and  osey, (Gnj) <270, (46)
i=1

The second condition of (4.6) can be achieved due to the fact, coming from (Gi) for k = n— 1, that y,,_;
restricted to each component of [0, 1] \ M,,_; is C'-smooth. We also impose a further condition on A,,,
as follows:

Ay € (0» % min(a@,-1/pn, ';bn—l))- 4.7
Observe that
Yn-1(Hp;) € Uy, wheneverl € {1,...,n—1}andi € {1,...,p;}. (4.8)

If n = 2, this is clear. For n > 2, we argue as follows. Given indices / € {1,...,n—-2},i € {1,...,p;},
and r € H;;, we may use (Di) for/+1 < k <n—1and ¢y € (0,¢¥r_1/2) from (Fiv) to deduce that

SRZ
w1 () =m@l < ), =5+ <.

k=Il+1

In case I = n— 1, the above inequality is trivially satisfied. Together with (Fiv) for k < n— 1, this verifies
(4.8). Now, let r,, > 0 be chosen sufficiently small that

B(yn-1(Hji),rn) € Ui wheneverl € {1,...,n—1}andi € {1,...,p;} (4.9

and

rn € (0,27, (4.10)
Foreach j =1,..., p,, we set
Un,j == B(¥n-1(tn,j),7n) N Oy. .11

Note that U, ; is open and has a non-empty intersection with & due to the density of # N O, in &,
and y,-1(tn,j) € . Let

Bnj =min{B € T,: Iy € Tx(Uy,,;) s.t. Im(6(y’)) € B(Sp, 27"} . (4.12)
The hypothesis that & has every portion of positive cone width guarantees that the set for which the

minimum in the definition of 3, ; is considered is non-empty. For each j = 1,.. ., p,, we choose, using
Remark 1.2, a C'-curve v, ; € Iz (U, ;) such that

Im(6(v,, ) € B(Sp,,.2™") and

v 0 = s ) (4.13)
for all r € I(vy,,;). By choosing p, > 0 sufficiently small, in particular
pn € (0,279, (4.14)

and restricting each v,, ; to a smaller and shifted interval and reparameterising if necessary, we may
assume that for j = 1, ..., pp, each v, ; is defined on the interval

I(Vn,j) =H, = [tn,j = Pn>ln,j +pn] C Int(Gn,j)-
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Note, for future reference, that foreach j =1, ..., p,,
L, (Fn0y) > 0. (4.15)

We now verify properties (A)—(H) for k = n. We start by checking various parts of (F). By definition
of t, ; and H, ;, we have that (FFi) with k = n is satisfied. Moreover, (Fiii) with kK = n is readily
verified. We note that H,, ; is a subset of a connected component of ﬂ?:_ll Wl.comp C [0,1] \ M, 4,
whereas 0H;; € M; € M,_; by (Gi) with k < n — 1. Thus, it is clear that if H;; N H,,; # (, then
Int(H; ;) 2 H,_;, establishing (Fiii) with k = n.

Let G, and H,, be defined according to (4.4). Then the first condition of (Fii) with k = n is satisfied.
Define 8,,: H, — T, by

Bn(t) = Bn,j» t € Hy,j, (4.16)

in accordance with (Fv), k = n.

We are now ready to verify (Fvi) with k = n. Supposet € H, jNH;; # Oforsomel € {1,...,n -1},
J€{l,....pn},andi € {1,...,p;}. Then H, ; € H;; by (Fiii), which we already verified for k = n.
In particular, we have ¢, ; € H;;, and therefore U, ; € B(yn-1(tn,;),7s) S Up; by (4.11) and (4.9).
This trivially implies

T (Un,j) € Tx(U). 4.17)

We will use this inclusion together with the following basic facts, readily verifiable from Definition 4.1:

B(S5,2™") C B(Sg),,27"), B €T, (4.18)
B> Bl BT, (4.19)
{Bli: BeT}=T,. (4.20)

With these properties at hand, together with (4.12) and (4.16), we observe

Bu(t) = Bn,j =min{B € T,,, : Iy € [z (Uy,;) s.t. Im(6(y")) € B(Sp,27")}
> min{ € T,: Iy € ['x(Uy;) s.t. Im(8(y")) < B(Sg;,,27)}
>min{Bl;: B €T, Iy € Tx(Uy,) s.t. Im(6(y")) < B(Sg),,27)}
=min {8 € T;: 3y € Tz (Up,i) s.t. Im(0(y")) € B(Sp,27)} = Bri = Bi(0).

The first inequality above follows from (4.17) and (4.18), the second from (4.19), and the subsequent
equality from (4.20). This completes the verification of (Fvi).
We define the new curve y,,: [0, 1] — R? by

; Pn )
(D) = {yn_l(w if £ € [0, 1]\ U7, Int(G ), @21

Va,j(t) ifte€H,;, j=1,...,pn,

and the condition that on each of the components of Uj.’;‘] (Gn,j \Hy,j), the curve v, is affine, and hence

||y;l(t)H is constant. Condition (C) with k = n is clearly satisfied.

Since, foreach j = 1,..., pu, vu(Hp,j) = vu, j(Hp ;) is a compact subset of the open set U, ; € O,
we may choose ¥, € (0,y,-1/2), establishing (Dii) and (Fiv) for k = n.

Note that

pn
{1 € 10.1]: 7(0) # vt (0} € | Tnt(Go ). (4.22)
j=1

and the latter set has measure precisely 2p,4,,. Therefore, we get (Ei) with k = n by (4.7). From the fact

(4.22) that y, and vy, differ only on the pairwise disjoint intervals G,, ; of length 24,,, it also follows,
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using again (4.7) and (A), that

Hyn - 7n—1||oo < (Ln + Ln—l)/ln < 4/ln < lpn—l/z'

This verifies (Di) with k = n.
Recall (4.15) and (4.21), and set

@, := min {2_"an1, min L(V;I-(&T))} > 0,
1<j<pn +J

to obtain the remaining part of (Fii), and (Eii) for k = n. In particular, all parts of (F) are now established.
From (Fii) for k = n, the choice of I, ; 2 G, ; 2 Hy ;, and (4.22), we derive (B) for k = n.

Define M,, as in (Gi) with k = n. Then we see that the second condition of (Gi) with k = n is
satisfied, using (Gi) for k = n — 1, (4.22), and the way that 7|G,,,_,~ is defined for each j € {1,..., p,}.
For each point in M,,, we now nominate a small, relatively open interval around this point so that the
total measure of the union of all such intervals is at most 27" «,,. We define W,, as the union of closures
of these intervals so that (Gii) with k = n is satisfied.

The conditions (Hii), (Hiii), and (Hiv) are now easily verified via (4.21) and (4.13). For (Hii), we
additionally use ¢,,,; € Hy, ; € G, ; and (4.6), whilst for (Hiii), we additionally recall (Gi) with k = n,
(Hiii) for k = n — 1, and (4.22).

Ifr e [0,1] \ (M, U Gy), then by (4.22) and (Gi) for k = n, we have vy, () = y,-1(¢) and
Yn(t) =y _,(t). Therefore, both (A) and (Hi) are satisfied for ¢. If € G, \ (M, U Hy), then without
loss of generality, ¢ belongs to an interval of the form [tn, J—Anstnj— pn], restricted to which vy, is
affine. Hence,

yn(tn,j - Pn) — Vn(tn,j = An)

Ya(t) =
" An = Pn
_ yn—l(tn,j —pPn) — Yn—l(tn,j - 1,) + Vn,j(tn,j —Pn) — 7n—1(tn,j - Pn)
/ln ~ Pn /ln ~ Pn ’

Further, since Im(v,,, ;) € Up,j € B(yn-1(tn,j),74), by (4.11), we have

||Vn,j (Zn,j - pn) — VYn-1 (tn,j - pn)“ <rp+ ”711—1 (tn,j) — Yn-1 (tn,j - pn)“
Sru+Lp1pn <tp+2p,.

We conclude that

Tnt20n _ o-(nel) , 70+ 2P0 _

27", 4.23
/ln — Pn /ln B ( )

lyi (@) = v (D] < 0scy (G j) +

using (4.6), (4.10), and (4.14). This verifies (Hi) for k = n. Moreover, (4.23), (A) for k = n — 1, and
(4.3) imply (A) for t and k = n. To complete the verification of (A), note that for t € H,, \ M,,, we can

find j € {1,..., p,} such thatr € H,_ ;, implying ||y,’l(t)|| = V;z,j(t)“ = ||)’,’1_1(tn,j)”, and finally apply
(A) for k = n — 1. Thus, all conditions (A)—(H) hold for the objects of step k = n.

The limit curve y.. By (D), the sequence of mappings (yx);, converges in the supremum norm to
a mapping ve.: [0,1] — R4,

Lemma 4.3. The limit curve y has the following properties:

(i) The mapping yo is Lipschitz with Lip(ye) < 2.
(ii) The mapping v« may be viewed as a mapping [0, 1] — (0, 1)9, that is, with codomain (0, 1)<.
(iii) For almost every t € [0, 1], all mappings yx with k € N U {oo} are differentiable at t, and there

exists m = m(t) € N such that y,(t) =y, (t) for all k > m.
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(iv) For almost every t € [0, 1], Y« is differentiable at t with ||yéo (t)“ > 1/2. Consequently y« is a
Lipschitz curve.

Proof. Part (i) is trivial, since . is the uniform limit of mappings yx, all of which satisfy Lip(yx) < 2,
by (A). For (ii), observe that (D) implies

o Uk
1Yo = Y1lleo < E > <.
=1

Recall that ¥ > 0 was chosen sufficiently small that B(Im(y;),¥1) € (0,1)4. We conclude that
Im(ye) C (0,1)?; that is, we may view v, as a mapping [0, 1] — (0, 1)¢. Moving on to (iii), we use
(E) to infer

O U U . _ _
<> ts S with By o= {1 € [0.1]: ye(0) # v(0)} (4.24)

for all m > 1. Letting C,,, == (2, By " C [0, 1], we conclude that Ujn=1 Cm has full measure in

[0, 1]. Moreover, for each m > 1 and almost every density point ¢ of C,,,, we have that all mappings yx
with k € N U {oo} are differentiable at ¢ and y/,(¢) = vy, () for all n > m. The statement of (iii) follows.

Finally, note that part (iv) follows immediately from (iii) and (A). O
Let
Foo =y NF)N ﬂ W H = ﬂ U Int(Hy). (4.25)
i=1 n=1 k=n

Lemma 4.4. The sets Fo, and H have the following properties:

(i) The set H is G 5.
(ii) The derivative y; (t) exists for every t € H and every k € N.
(iii) The set Fy, is closed.
(iv) HN Fy C vy (A).
(v) The set Fo, C [0, 1] is non-empty and has every portion of positive Lebesgue measure.
(vi) Forevery k € N and every component Hyj of Hy, we have

Int(Hk’j) NFe #0.

(vii) The set H N Fy, is a relatively residual subset of Fy.

Proof. The assertion (i) for H is obvious, and the existence of y, (¢) in (ii) follows from (Gi), as
HnJ2, M; # 0 by (G) and (Fii). To see that F,, is a closed subset of [0, 1], we argue that [ J;>, W; is
a relatively open subset of [0, 1]. Indeed, by (G), we have that 0W; € M;,; € Int W;;; U {0, 1} for each
i > 1. Hence,as 0,1 € Wy,

0,13 ul Jmew; | Jwi c {0, 13U Jimew;.
i=1 i=1 i=1
It remains to note that

{0,1} U UIntWi = ({0, 1} UIntW;) U UIntW,-
i=1 i=2

is a union of relatively open sets in [0, 1]. This proves (iii).
For (iv), it suffices to show that H N Fs € y5' (N2, 0, N F). Fixt € HN F and n € N. Since

t € Fo, we have v (1) € F. Since t € H, we may choose k > n such that ¢ € Int(H). Now conditions
Downloaded from https://www.cambridge.org/core. IP address: 2.25.82.162, oh 16 Nov 2020 at 13:42:38, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.45


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.45
https://www.cambridge.org/core

30 Michael Dymond and Olga Maleva

(D) and (Fiv) guarantee that
Yeolt) = lli{g)’l(f) € B(yi (1), ¥x) € Ok C Oy

Hence yo(t) € O, N F.

Finally, we prove (v), (vi), and (vii) simultaneously. By (G), the set F, contains no dyadic numbers.
Therefore, it suffices to verify the ‘every portion of positive measure’ condition of (v) on all intervals
I € Py for all k > 2. Further, to prove (vi), we may assume that k > 2, since H; ; = [0, 1] is the only
component of Hy and contains all other Hy ;. Let k > 2 and I € Py be such that I N F, # 0. We claim
that

k=1
Iny ,(F)n ﬂ WP 2 0. (4.26)
i=1
Otherwise, applying (C) inductively for £’ > k yields that ye|r = yi'|r = yi-1l7 forall k& > k. But this
implies
oo k—1
10 Fo = 10y F) 0 [\W™ STy () n (W™ =0,
i=1 i=1
contrary to our assumption. This proves (4.26). By (Fi), there exists jo € {1,..., px} with Hy j, C 1.
For the proof of (vi), we write the next part of the argument for an arbitrary, fixed j € {1,..., pr}. By
(Fii), we have
k-1
Hej C \W ™ and £L(Hr; Ny (F NOk)) > ax.
i=1

Applying (4.24), we infer
C(Hi Ny2(F N00) = 5.

Finally, we apply (Gii) and (Eii) to derive

) -1 = comp X - : 223
L(Hk,,mym@mok)mgwi )2 ;L(Wl)z = >0,
which implies
L (Fo NInt(Hy ;) > 0. (4.27)

This proves (vi). Since k > 2 and I € Py were arbitrary and Hy_j, C I, taking j = jo in (4.27) verifies
(v) and further proves that the sets | J;>, Int(H;) N Fy, are dense in F., for all k € N. Hence, (vii) is also
verified. O

For each 7 € H, let (k,(1)),”, be the increasing sequence of positive integers such that 7 € Int(Hy)
if and only if k € {k,,(¢): n > 1}. In other words, setting ko(7) = 0, we let

kn(2) :=min{k > k,_1(¢): t € Int(Hy)}, teH,n>1. (4.28)

In places where the relevant point ¢t € H is clear, we often shorten k,, (¢) to k,,.

Remark 4.5. Recall from (Fiii) that any two components Hy_;, H;; of Hy and Hj, respectively, with
k # [ are either pairwise disjoint or strongly nested in the sense that one is contained in the interior of
the other. This implies the following additional property, which we will use later: if t € H, k,, := k,,(¢t)
forn > 1, and s € Int(Hy,,_j,,) for some m > 1, then

kn(s) =k, (t) =k, foralll <n < m. (4.29)
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Lett € H and k,, = k,,(¢). By (Fvi), we have that 8y, () > B, , (¢) for each n > 2. This implies that
for each fixed m > 1, the sequence S, (f)|» eventually becomes constant. Define the infinite sequence
B(t) = (im),,_, by the condition

B = lim By, ()|m foreachm > 1, wheret € H. (4.30)

Note for future reference that
Bi,, ) |m < B(E)|m forall n,m > 1, wheret € H. (4.31)

Recall from Lemma 4.4, part (ii), that for each r € H and k € N, the derivative y,’( () exists. The next
lemma gives an estimate of how close the derivatives of y; on H are in terms of the function ¢ defined
in (4.2).

Lemma 4.6. Let t € H (see (4.25)) and k,, := ky(t) be defined according to (4.28). Let k1 < k < I, and
let p,q > 1 be maximal such that k,, < k and ky < I. Then

lyi (0 = v @] < 22(Br, (). B, (1)) +7 - 275

Proof. Clearly, 1 < k), < k. By (Hi), we have

|

1
QR0 N PP R

m=kg+1

and similarly

i -y, o0 <27

To obtain an estimate for Hy,’( () =y, (t)“, we compare separately the magnitudes and directions of
q P
these vectors. By (Hi) and (Hii), the magnitudes differ by

|

and with (Hiv), we can bound the difference of directions by

kq
< Z 2_m < Z_kp s

m=kp+1

v, 0= |76, o)

locri, ) - 00, @] < ¢, (). B, () +2-27%.

Combining the last two inequalities and using that ”y,’l(t)” < 2, from (A), for all n > 1, we deduce

v, 0 =i, 0 <27 +2 (281, B, () +2-27%7).

The inequality of Lemma 4.6 now follows by the triangle inequality. O
The previous lemma enables us to establish the convergence of the derivatives y; () at points ¢ € H.

Lemma 4.7. Let t € H. Then the sequence (y,; (1)),., converges and

0 (kll_fgo 71'((0) = ﬂ SB(1)ln> (4.32)

n>1

where B(t) = lim By, (t) and ky, = k,(t) are defined in (4.30) and (4.28), respectively.
n—oo
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Proof. Given & > 0, choose M € N such that 2~M*2v/d < ¢, i.e. the diameter £ (8, 8) of any Sp with
B €T,,n> M,is less than ¢ (see Definition 4.1). Let N > M be such that for any n > N, it holds that
Bro, (Dlnr = B(D) .

Given ! > k > ky, we choose p,q € N maximal so that k, < k and k; < [. Then, by Lemma 4.6,
we have

lly; (@) = v ()| < 22 (Br, (1), B, (1) +7 - 2757 < 26 + Te.

Here, we used that p,q > N to deduce Bi,(1)ly = PBr,(H)lm = B(t)|m, and subsequently
S, (0> Sprg () S Sp(nyin- Hence £(Bk, (1), B, (1) < L(Sp@yn>Spoyn) < & We also used
27k <27V < 27N < g

We thus conclude that (y;(¢));2, is a Cauchy sequence and hence converges. Moreover, for any
p > N, we have, by (Hiv), that (y; (1)) € B(Sg,, (1>27%7) € B(Sp(1)py»27%7). Letting p — oo,
we conclude that the vector x := @(limg e ¥, (¢)) belongs to Sg(s)|,,. Since M € N could have been
chosen arbitrarily large, this proves x € (| Sg(s)|,- It is clear that the latter has diameter 0, and thus
the statement of the lemma follows. O

For each k > 1, let us recall (4.25) and define
Qp:={teH:do=0(t,k) >0s.t. B(s)|x < B(t)|x forall s € [t —o,t+0]|NH} (4.33)
and

Ewi=( ). (4.34)
k=1

We now show that each of the sets € is non-empty and, moreover, that each Q; N F,, contains a
relatively open and dense subset of H N F,. Together with Lemma 4.4(vii), this will imply that E, N F
is relatively residual in F.

Lemma 4.8. The sets Qi, E«, and Fy, defined in (4.33), (4.34), and (4.25) have the following properties:

(i) Foreach k > 1, the set Q. N Fy contains a relatively open and dense subset of H N F.
(ii) The set Ex N Fw is a non-empty, relatively residual subset of Fe.

Proof. A subset R of a topological space X contains an open, dense set if and only if R intersects
every non-empty, open set in a set of non-empty interior. We prove part (i) by verifying this equivalent
condition for the sets R = Qi N F and topological space X = H N F,, with the subspace topology
inherited from [0, 1]. Thus, fixing & > 1 and an open interval U C R with U N H N F, # 0, our task is
to find an open interval V C U such that

0#VNHNFa C QN Fo. (4.35)

Since U N H # 0, the set
{B(r)|x:reUNH}

is a finite, non-empty set. Therefore, there exists + € U N H such that
Bk =max {B(r)lxk: r€e UNH}. (4.36)

Note that a priori, we do not know whether ¢ belongs to F.. Let k;, = k,(f) be defined by (4.28).
We then have S(¢) = lim, . B, (¢); see (4.30). Therefore, we may choose ng € N large enough that
B, (1)|x = B(t)|x is constant for all n > ng. Fix n > no, and consider the component Hy,, ;, of Hy,

containing . We additionally take n sufficiently large that Hy,, ;, € U. Now we seek to verify (4.35) for

V = Int(Hy,,;,) C U. First note that the set V. N H N F,, is non-empty. Indeed, by Lemma 4.4, part (vi),
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the set V N F, is a non-empty, relatively open subset of F,. Therefore, by Lemma 4.4, part (vii), it has a
non-empty intersection with H. Let s € V. N H N F. Then, by Remark 4.5, we have k;(s) = k; (1) = k;
for 1 <i < n. Hence, using (4.31) and the choice (4.36) of 7, we get

Bk = Br, (k= Br, Dk = BO)|x = B(s) |-

We conclude that B(s)|x = B()|x. Taking o= = o (s, k) > 0 sufficiently small that [s — o, s + o] C U,
and using (4.36), we verify that s € Q. Hence s € Qi N F.

We turn our attention now to part (ii). From part (i), it follows that E, N F(:= Z) is a relatively
residual subset of H N F(:= Y). Recall, in addition, that H N F,, is a relatively residual subset of
Fo (:= X) and that F, is closed (Lemma 4.4, parts (vii) and (iii)) and thus a Baire space in its own right.
Therefore, to prove (ii), it suffices to recall the following general topological statement, which may be
verified easily using [13, §10 IV Theorem 1].

Let X be a topological space, Y C X be a residual subset of X, and Z C Y be a relatively residual subset
of Y. Then Z is a residual subset of X. O

We are now ready to take an important step and verify that the limit curve v, = lim y is differentiable
everywhere in Eo, (4.34) and that its derivative is the limit of derivatives of yi.

Lemma 4.9. Let t € Eo,. Then the Lipschitz curve vy« is differentiable at t with
Yoo(1) = lim v, (1).

Moreover, we have

li ([t =6,t+6]) =0.
611)%050“([ +6])

Proof. Fix & > 0. Let N € N be sufficiently large that 27V +2v/d < &: i.e. the diameter of any Sg with
BeT,,n>N,islessthane. Ast € E, C Qp,leto(z, N) > 0 be given by the definition (4.33) of Q.

Recall Qy C H,sot € H. Let x,, = k,(t) be the sequence of indices defined by (4.28). For
each n € N, let j, € {1,...,p,} be the index with ¢+ € Int(H,, ; ). By Lemma 4.7, there exists
L(t) = lim, e v, (¢). Choose M > N sufficiently large that

nsJn

o B, (DN = B(1)|y is constant for all m > M,
© Heyjy S [t =0 (t,N),t+0(t,N)],
o iy (0 = L()| < &.

Choose 7 sufficiently small that [t — 5, +7] € Hy,, j,,. Then, by (Fv), we have By,, (5) = By, () =: B
for all s € [t —n,t+n]. By (4.29) of Remark 4.5, we conclude that k,(s) = k,(t) = «, for all
set—-n,t+nland1 <n < M.

Lets € [t—n,t+n] and ] > kp, and choose g € N maximal so that k, (s) < 1. Asl > kpr = kpr (),
we conclude that ¢ > M. Using, in addition, (Fvi) with s € H,,, N Hy,, 1 € Qn, and (4.31), we get

Bicy (9)In = Birs ()N = By (D)In = BN 2 B(8)In = Br, (5)Inv-
Therefore, B, ()N = Bry ()N = B(s)|n so that

LBy (5): Buas (5)) < L(B(s)In. B(s)IN) < &.

Then, applying Lemma 4.6, we get

’ ’ —KM
[/65) = iy, O] £ 22 (i (51, By () #7275 < 9.
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From this, we conclude that Lip ((¥1 — Yk ) |[r=n.c+5]) < 9€. Since y; converges uniformly to ye., we
deduce that Lip ((Yeo — Yy ) [z=,141) < 9€. Further, by (Hiv), (Hiii), and (A), we have

oscy, ([t =n,t+n]) < 2diam (B(SBKM : 2‘“M)) =2(2:27 + {(Burs» Brar)) < 4.
It follows that for all & € [-7, 7],

“’)/KM (t + h) ~ Yim (t) - hy/lqw (t)“ <d4e |h| .

Using

Yieng (E+h)=Yip, (1)
+ 7

oo (1+h) =Yoo (Yoo=Yipg ) (t+h) = (Yoo=Viep, ) (1)
Y (t+f)z Yoo (1) _,y"(M(t)” < | M > M

~ Yem (t)H,

we now derive, for all # € [-n,n] \ {0},

2l ® (1) < 95 + 45 + |y, (1) - L(0)]| < 14e.

Since £ > 0 was arbitrary, this verifies the differentiability of y. at ¢ with . (t) = L(¢). For the
‘moreover’ part of the lemma, we observe that

oscy,, ([t =n,t+1]) < 2Lip ((Yeo = Yiens M e=re+n]) + 0SCy; ([t=n,t+7]) < 18c +4e.
O

We now reparameterise the curve ., to obtain a curve y: I(y) — (0, 1) satisfying the conclusions
of Theorem 2.11. Let

1
((y) = /0 i) ds

denote the length of the curve y. Define a mapping ¢: [0, 1] — [0, {(y~)] by

(1) = t ||y(;,(s)|| ds, te[0,1].
0

Lemma 4.10. The function ¢: [0, 1] — [0, £(yw)] has the following properties:

(i) The function ¢ is bilipschitz with Lip(¢), Lip(¢~") < 2.
(ii) There is a set X C [0, 1] of full measure with E., C X such that for every t € X, both y« and ¢
are differentiable at t and

’ _ ’ l
o' () =L@ = 5

Proof. Part (i) follows from Lemma 4.3(iii) and (A). For part (ii), let X be defined as the set of points s €
[0, 1]\ U2, M; at which all curves yx with k € NU {co} are differentiable and y(,(s) = limg e ¥} ().
The inequality > % in the statement is now a consequence of (A). Recalling that the sets M; are finite,
it follows immediately from Lemma 4.3(iii) that X has full measure. Further, from Lemma 4.9 and
Ew C H C[0,1]\U;2, M;, we derive that X contains E. Fixt € X and & € (0,1/4), and let k € N be
large enough that 2% < & and Hy,’( (1) =% (t)“ < &. Next, choose § > 0 small enough that [t — &, + 5]
is contained in a single component of [0, 1] \ M. From (Hi)—(Hiii), it follows that

’ ’ -k
i@l = i@ <27 <&
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forall/ > kand all s € [t - J,7+ ] N X, implying

@l =i @l

<eg

for all such s. Hence, for almost all s € [t — &, ¢ + §], we have

eIl =IOl < el = i@l + e < 26,

and therefore, for all 1 € [—6, §], we have

t+h
et +m = o = - [reol] < [ el - el ds < 20 .

We now use results and constructions of Section 4 to finish the proof of Theorem 2.11.

Proof of Theorem 2.11. We find a curve 7y satisfying all assertions of Theorem 2.11 except that its
domain is an interval /() and not necessarily [0, 1]. It is then a trivial matter to adjust y so that its
domain is [0, 1] and all assertions of the theorem remain valid. We comment briefly on the required
modification at the very end.

From Lemma 4.10(ii) and an appropriate form of the inverse function theorem, it follows that

(¢ (e(r) = (4.37)

1
ly& ()l
for all » € X, where X and ¢ are given by Lemma 4.10. More precisely, (4.37) is obtained by an
application of [23, Theorem 1.2]to U = (0,1),n = 1, xg = r € X, and f = ¢. Note that the condition
f(x0) = ¢’(r) € Isom(R, R) is satisfied due to Lemma 4.10(ii). Since in this case, f = ¢ is invertible,
the function / given by the conclusion of [23, Theorem 1.2] necessarily coincides with ¢! on its domain.

We recall sets E, and F,, from (4.34) and (4.25) to define

F := ¢p(Fs), E = ¢(Ex N Fs)

and y: [0,£(ye)] — (0, 1)4 by
Y(1) =yl (1))

By Lemmata 4.4 (v) and 4.8 (ii), the sets E and F are non-empty. We verify the assertions (i)—(v) of
Theorem 2.11 for F, E, and y. The properties (i) and (ii) are invariant under bilipschitz transformations.
Therefore, F' and E inherit these properties from F, and E. N F; see Lemmata 4.4 (v) and 4.8 (ii).
Moreover, (v) is immediate from the definitions of y, E, F, and Lemma 4.4(iv). To complete the proof,
we verify (iii) and (iv). Fix ¢t € ¢(X). Then ¢t = ¢(r) for some r € X. Applying (4.37), we conclude that
¢! is differentiable at ¢ with derivative (¢~!)"(¢) = m Moreover, Y., is differentiable at ¢! (¢)
by Lemma 4.10. It follows that vy is differentiable at r with

1 1 _
Y () =yl (1) - (¢7) (1) = y5(r) - PG éo( e

Clearly, from the above, we also have ||y’(¢)|| = 1. Since E C ¢(X), part (iii) is satisfied. For

to = ¢(ro) € E and any t,s € [tg — 0,t9 + 6] N ¢(X), Lemma 4.10(i) implies that the preimages
r, = @ '(¢) and ry := @7 (s) belong to ¢~ [tg — 8,19 + ] N X C [rg — 28, r¢ + 28], and then (4.37),
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together with Lemma 4.3(ii), implies |(<p‘1)’(t) - (go‘l)’(s)| < 4oscy,, ([ro — 26,9 + 26]). Therefore,
we obtain

Iy' () =7 DI = [Py (ro) - (07) (1) =¥ (rs) - (7)) (5))

< ||}/:,o(r,)” |(g0_1)'(t) - (sﬂ_l)l(s)i + |(90_1)/(S)| oscy, ([ro — 26, rg +26])
< 100scy, ([ro — 26, ro +26]),

where, for the last inequality, we used that both Lip(¢~!) and Lip(y.) are bounded from above by 2;
see Lemmata 4.3(i) and 4.10(i).

The proof of part (iv) is now completed by the ‘moreover’ conclusion of Lemma 4.9.

Let us now comment on why we may assume that the domain 7(7y) of vy is the interval [0, 1], as in
the statement of Theorem 2.11. Note that /(7y) has the form [0, a] for some a := {(y») > 0. Ifa > 1,
then we choose a closed interval J C (0, a) of length strictly less than one such that the endpoints of J
are density points of F'. We then redefine the sets ' and E by intersecting with J. Finally, we choose a
closed interval J* C [0, a] of length one with J C Int(J’) and redefine y by restricting to J’ and then
shifting so that vy is defined on [0, 1]. If a < 1, then we extend the curve vy arbitrarily to [0, 1] and leave
the sets F C [0,a] and E C [0, a] unchanged. In both cases, all assertions (i)—(v) of Theorem 2.11 are
preserved. O

5. Typical non-differentiability on coverable sets

In this section, we prove Theorem 2.7; that is, we show that any set in (0, 1)¢ that may be covered by a
countable union of closed, purely unrectifiable sets avoids, for the typical function f € Lip, ([0, 1]¢),
the set of points where f has a directional derivative.

Notation. We will write Lip([0, 1]¢) for the set of all Lipschitz functions [0, 1]¢ — R. Further, recall
that for a subset U C [0, 1]¢, we let C'(U) denote the set of continuous functions f: [0,1]¢ — R with
the property that f /iy is C L

The following lemma is a simplification of [15, Lemma 2.3], in the case when P C [0, 1]d is a closed
set. We also only state it in the case when the function wq () of [15, Lemma 2.3] is constant.

Lemma 5.1. Suppose that P C H C (0, 1)?, where P is closed and H is open; the function g (0,1)¢ —
R belongs to C'(H); and wg,n € (0, 1). Then there are &y, ro € (0, wo/2] such that if h: [0,1]¢9 - R
satisfies

|h(x) — g(x)| < 2& forall x € [0,1]9, (5.1
then for all x € P and ||y|| < ro, it holds that
|h(x +y) = h(x) = (Vg(x), y)| < nro. (5.2)

Proof. Denote pg (x) := dist(x, [0, 1]\ H). Let P be the set of functions ¥ € Lip, ([0, 1]¢) satisfying
0<y(x) < %min(pH (x), wo) and such that

IV(y) ~ Vg (2)Il < 37 whenever x € H and max(|ly - x||, llz = x|} < y(x). (5.3)

Since 0 € ¥, the function ¢(x) := sup{¢(x): ¥ € W} is well-defined. We also have ¢ € ¥,
since for any x, y, z satisfying x € H and max(||y —x||, ||z — x||) < ¢(x), there is ¢ € ¥ such that
max(||ly — x|, llz = x[|) < ¢ (x) and hence [|Vg(y) - Vg(2)Il < 37.

Let w € H be arbitrary. Choose ¢,, € (0,wo/2) such that B(w,3¢g,,) € H and the bound

IVg(y) = Vg(2)|| < %7] holds for y, z € B(w, 2¢&,,). Then the function defined by ¢/, (x) := max(0, &,, —
llx — w]|) satisfies ,, = 0 outside of the ball B(w, &,,), and 0 < i, (x) < &, < % min(pg (x), wg) for

allx € B(w, &,,). This, together with the choice of ¢,,, clearly ensures that (5.3) is satisfied for ¢ = y,,,.
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Hence, y,, € P, and we infer that ¢(w) > ¢, (w) = &, > 0. Consequently, ¢ is strictly positive on
H. Let ¢ = inf{p(x): x € P}; as P is compact, we have that 0 < ¢y < %wo. Furthermore, whenever
x € Pand ||y|| < ¢o, it holds that

lg(x +y) —g(x) = (Vg(x), »I| < Iyll BS(llp|| ) IVg(z) - Vg(x)Il < inliyvll.
zZEe X,y

To prove (5.2), we let rg := ¢ /2 € (0, wp/2] and &y := @on/16 = ron/8 € (0, wp/2] and consider an
arbitrary function 4: [0, 1]¢ — R satisfying (5.1). Then, whenever x € P and ||y|| < ro < ¢o < ¢(x),
we have

[h(x +y) — h(x) = (Vg(x), y)| < 4éo+|g(x+y) —g(x) — (Vg(x), y)|
<4dg+ nllyll < gro.

]

Hence, [15, Lemma 2.9] may be restated in the following way, in the case of a compact, purely
unrectifiable set P (note that such sets are automatically uniformly purely unrectifiable; see [15, 1]).

Lemma 5.2. Suppose P C H C (0,1)4; P is a closed, uniformly purely unrectifiable set; H is open;
wo € (0,1); and f € Lip([0, 119)NC'(H). Then for every e € R? andn > 0, there are g: [0,1]¢ — R,
&o,7 € (0, wo), and an open set U C (0, 1) such that

(i) PCUCH,
(i) g € Lip([0,1]¢) n C'(U). Lip(g) < max(Lip(f), llell) +7, and [|g = fllo < wo.
(iii) If a function h: [0,1]1¢ — R satisfies |h(x) —g(x)| < 2& for all x € [0,1]¢, then
Sup|y < 1h(x +y) = h(x) = (e, y)| < nr forall x € P.

We are now ready to prove Theorem 2.7, which we restate here, in a slightly different form, for the
reader’s convenience.

Theorem 5.3 (restatement of Theorem 2.7). Let P C (0, 1)? be an F,,, purely unrectifiable set. Then
a typical f € Lip,([0,1]¢) has no directional derivatives at every point of P; and, moreover, for a
typical f € Lip, ([0, 11¢9), it holds that D f (x,v) = [~1, 1] for every x € P and every v € S471,

Proof. We may assume that P is closed. Indeed, if the statement holds for P closed, it extends imme-
diately to countable unions of closed P, as follows: letting S, = NonD(P,) denote the collection of
functions f € Lip, ([0, 1]¢) that are non-differentiable at every point of P,, in the very strong sense
described in the statement of the theorem, we get that each S, is residual. Hence,

{f € Lipl([O,l]d): Df(x,v) =[-1,1] forany x € UP” andv € Sd_l} o) mS"

n=1 n>1

is residual too.

Let P C (0, 1)? be a closed, purely unrectifiable set and S := NonD(P). We now consider a Banach-
Mazur game G gy pvanis in Lip,; ([0, 1]%) with the target set S and show that Player II has a winning
strategy; by Theorem 3.16, this will imply that S is residual in Lip, ([0, 1]¢).

Assume Hy = (0, 1)?. Fix a sequence (e,) of vectors with ||e,,|| < 1 such that the collection (e,,) is
dense in the unit ball B(0, 1). Let go(x) = 0 for all x € [0, 1]¢ and w = 1.

On reaching step n in the Banach-Mazur game, the two players would have constructed a nested
sequence of open balls, and Player II would have additionally defined a nested sequence of open sets
Hy2---2H,.12P.

Assume B( f,,, ) is the nth choice of Player I. Using that smooth functions are dense in C([0, 1]¢)

followed by Lemma 3.17, we choose £\" € C'([0, 1]¢) such that Lip(£\") < 1 and || f,, — £V
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Apply now Lemma 5.2to Pand H := H,_|, Wy := wy, f = ,fl), e := ey, and n := 1, to get function

gni=g:10,119 5 R, &, =&, &, :=r € (0,w,), and an open set H,, := U.
From Lemma 5.2 (ii), we have that g, € Lip,;([0,1]¢) and ||g, — ,fl)

llgn = full < Fn. Choose p, € (0,min (&,,27")) such that B(gn, pn) S B(fu,7s). Let Player II’s
response be B(g,, pn)-

Since B(gn, pn) € B(gn-1, pn_1) and p,, — 0, we conclude that the intersection of balls B(g,, p,) is
a single function & € Lip, ([0, 1]%). We now show that / has no directional derivatives at any x € P and,
moreover, Dh(x,v) 2 [—1,1] forevery x € P and every v € S4!. Asitis clear that Dh(x,v) C [-1,1]
from Lip(/4) < 1, this will imply the required equality.

Indeed, fix any x € P, v € S9!, and n > 1. Recall the application of Lemma 5.2 that provided
gn =g and &, = &. Since ||h — gll = 11 — gulleo < pn < &n = &0, We see that & satisfies condition (iii)
of Lemma 5.2. Hence, |h(x +y) — h(x) — {en, y)| < nnen, whenever ||y|| < &,. In particular, letting
y = &pv, we get

} < wy < ry/2, and hence

h(x +e&,v) — h(x)

€n

—{en, V)| < 7.

As the vectors ¢, form a dense subset of the closed ball E(O, 1),0 <&, <w, <2" — 0, and

0<mn, <2 — 0, we get that Dh(x,v) 2 [-1, 1], and hence Dh(x,v) = [-1, 1]. O

6. Comparison with vector-valued mappings

For d,l € N, we denote by Lip, ([0, 1]¢,R) the space of Lipschitz mappings f: [0,1]¢ — R! with
Lip(f) < 1, viewed as a complete metric space with the supremum metric. In most of the paper,
we have [ = 1 and abbreviate Lip, ([0, 1]¢,R) to Lip, ([0, 1]¢). Merlo [17] shows that whenever
d <land o C (0, l)d is a non-coverable set in the sense of Theorem 2.5, there is a residual set
S c Lip, ([0, 114, R?) for which every mapping f = (fi,..., fi) € S has a directional derivative in <;
see [17] Proposition 3.3 and Theorem 2.8. At first glance, it may appear that this statement is closely
related to Theorem 2.5. Indeed, for such non-coverable o C (0, 1)¢ and residual S C Lip, ([0, 1]¢,R),
the natural projection mappings

pj: Lip (10,119 R — Lip, ([0, 114, R),  f=(fi..-, fi) & fi,

for j = 1,...,1, give rise to sets p1(S),...,p;(S) € Lip;([0,1]4,R) in which all functions have a
directional derivative in /. Since S is residual in Lip, ([0, 1]¢,R’), we might hope that the projections
p;(S) are also large in some sense in Lip; ([0, 114, R) and therefore hope to obtain via [ 17] a statement of
the form of Theorem 2.5 with full differentiability weakened to the existence of a directional derivative.
However, the next theorem demonstrates that this argument fails badly: even very large residual sets
in Lip, ([0, 114, R") may project to negligible sets in Lip; ([0, 1]¢,R). Thus, Theorem 2.5 and its
implications in Theorems 2.1 and 2.2 are completely independent of [17] for all dimensions d > 2.

Theorem 6.1. Let d,! € N with [ > 2 and p: Lip,([0, 114,RH — Lip, ([0, 114, R) be the standard
projection defined by

p(f)=fi. =i, f) €Lip([0,1]%R).

Then there exists an open, dense subset U of Lip, ([0, 119, R!) for which the set p(U) is of the first Baire
category in Lip, ([0, 114, R).

Note that Theorem 6.1 also provides an example of a residual subset S of Lip, ([0, 1]¢,R) whose
preimage p~!(S) under the projection p is nowhere dense in Lip, ([0, 1]¢,R'); we may take S =
Lip, ([0, 114, R) \ p(U). For the proof of Theorem 6.1, we require two simple lemmata:
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Notation. In what follows, we use again the notation / 7 (1), introduced in Section 3, to denote the
open interval (t —n,t +1).

Lemma 6.2. Let d,l € N, y: [0,1] — (0, 1)? be the length parameterisation of a line segment, P
be a dense subset of Lip,([0,1],R), to € (0,1), f = (fi,...,f1) € Lip;([0, 1]4,RY) be a mapping
with Lip(f) < 1, € € (0,1), and j € {1,...,1}. Then there exist p € P, n > 0, and a mapping
g =(g1.....g) €Lip,([0,114,R!) such that

(i) llg(x) = f()| < &forallx € [0,1].
(ii) gjo 7'1,,(t0) = pll,,(l‘o)'
(iti) groy=pifi=1

Proof. Letn,o > 0 be defined by

_ (1-Lip(f)*)&? [ svan " € 6.1)
T 128Vd T\ T # '
choose p € P such that
lp(t) - fi(y()| <n  forallz € [0,1], (6.2)

and set

7= I,(t0) ifl>1,
o1 ifr=1.

We define g = (g1, ..., g) initially on a subset of [0, 1]¢ coordinatewise by

p()  ifx=y@), 1€,
g;(x) = : g 63)
fi(x) ifx € [0,1]\ B(y(J),0), and
_Jfily(n)) ifx=y(1), t €y,
8i ()C) - . d
Jfi(x) if x € [0, 1]9\ B(y(J1), o).
fori € {1,...,1}\ {j}. The remainder of the proof is designed primarily for the more complicated case

I > 1. However, it also applies to the case / = 1; observe that in this case, we necessarily have j = 1,
and all sums over i # j disappear.

Note that g|o,1]4\B(y(s),o) and gly (s, are 1-Lipschitz, where the latter case relies heavily on the
fact that y is a length parameterisation of a line segment. To verify that this initially defined mapping is
globally 1-Lipschitz on its entire domain, we observe, forx = y(1),1 € J;,and y € [0, 1]¢\ B(y(J)), o),

I8(y) = g)II* < Z(Iﬁ-(y) — i@+ + (|f;(0) = f;0)]+n)?
i)

<) = FEIP +4Vd -n+29” < (Lip(f)2 + Iy =xII* = lly = xI*,

8Vd - n
o? )
using (6.2), t € J;, and (6.1). By Kirszbraun’s theorem [12, Hauptsatz 1], [8, 2.10.43], we may now
extend g to the whole of [0, 1]¢ without increasing its Lipschitz constant. Thus, we obtain a mapping
g € Lip,([0,1]4,R!). Note that this mapping g satisfies conclusions (ii) and (iii) of the lemma due
to (6.3). To verify conclusion (i), we first note that the inequality of (i) is trivially valid for all x €
[0,1]4 \ B(y(J;), o), where we have f(x) = g(x). In the remaining case, x € B(y(J;), o), we may
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choose t € J; with ||x —y(2)|| < o~. We then derive

llg(x) = fFONl < 20 +lg(y (@) = fly(D)l

1/2
2
=20+ Z 1/ (r(t0) = fi(y () +|p () = £ (v (1))] <20+Vd n<e,
i#j
using (6.2), t € Jj, and (6.1). This verifies (i) and completes the proof of the lemma. O

Lemma 6.3. Let f € Lip, ([0, 1],R), s < € [0, 1], 7,& € (0, 1), and suppose that
1 (@) = f()ll=1-s.
Then there exists 6 > 0 such that for every g € Lip; ([0, 1],R) with ||g — f|le < 0, the set
C:=Cqrsr=1{relst]:g'(r) =21}

has positive Lebesgue measure L(C) > (1 —g)(t — s).

Proof. We verify that the assertion of the lemma holds with

_ (I=7)(t-29)e

0:
2

Let g € Lip, ([0, 1], R) with ||g — fll« < 6. Then

(-s-2 <50 -3 = [ gO)ar
< ‘/[s’[]\cg,(r) dr"'/cg/(r) dr <t(t—-s5-L(C))+L(C).

Rearranging, we obtain

L(C)Zt—s—iz(l—s)(t—s).
1-71

We are now ready to prove Theorem 6.1.

Proof of Theorem 6.1. Let P denote the set of piecewise isometric functions [0,1] — R with only
finitely many points of non-differentiability. Recall that P is a dense subset of Lip, ([0, 1]); see [22].
Let Q denote the set of all mappings f = (fi,..., fi) € Lip,([0, 1]¢) for which there exist ty € (0, 1),
n > 0,and p € Psuchthat fr01, (1) = Pl1,(1)- By Lemma 6.2, the set Q2 is dense in Lip; ([0, 114, RY).
We additionally fix a countable, dense subset I of Q and emphasise that I" is trivially also dense in
Llpl ( [O’ 1]ds Rl)

Let f €', and let 7o € (0,1),7 > 0, and p € P witness that f € Q. Since f> o y1, (1) = Pl1, (1) and
p € P, there exist points sy <ty € I,)(#o) such that |f2 oy(ty) = fo oy(sf)| =ty —sp.Letdy >0
be given by the conclusion of Lemma 6.3 applied to f> o y € Lip;([0,1],R) sy < tf, 7 = 3/4, and
& = 1/4. The required open dense subset of Lip, ([0, 114, R?) is now defined by

U= U B(f.57).
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To verify that p(U) is of the first Baire category in Lip, ([0, 1]14,R), it suffices to show that each set
p(B(f,d5)) with f € I" has an empty interior. We fix f € I'. First, observe that

p(B(f.67)) = p(B(f.67)). (6.4)

This follows immediately from the continuity of p and the fact that B(f,d ) is compact in
Lip, ([0, 114, R?), where the latter is a consequence of the Arzela-Ascoli theorem.

Assume that the set given in (6.4) has a non-empty interior. We complete the proof by deriving
a contradiction. Fix a function f e Intp(B(f,6 )) with Lip( f) < 1. By Lemma 6.2 applied to

f € Lip;([0,1]9,R) and/ = 1, there existg € P and afunctiong; € p(B(f, 0r))suchthatgjoy = g.Let

(82,-..,8) € Lip; ([0,1]¢,R""") be such that (g1, g2, ...,8:) € B(f,d7). Then ||g20y — froyll, <
0 . Therefore, by the choice of 6 and Lemma 6.3, we obtain a set

C = Cg2,3/4,Sf,If c [Sf’ tf]7

of Lebesgue measure at least (1 —&)(¢ty —s7) = 3(ty —s55)/4 > 0, on which g» oy is differentiable
with |[(g2 oy)’(¢)| = 3/4 for all t € C. However, at all but finitely many points ¢ € [0, 1], we have
(g1 0y) (1) =1q’(t)] = 1. Therefore, all but finitely many ¢ € C satisfy

l(g109)' (D> +1(g207) (D> = 1+(3/4)* > 1.

Recalling that vy is the length parameterisation of a line segment, we see that this is clearly incompatible
with g being 1-Lipschitz. O
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